
AnmrsZms�MtdogdZa Rdon�Cmnvhdafd eno P-K OonfoZlr
Mhbgnk_r Eq_mydrd

Mnqsgvdrsdqm Tmhudqrhsx
Du_mrsnm+ TR@

mhbgnk_req_mydrd1/15=t-mnqsgvdrsdqm-dct

Inm_sg_m J_sy
Tmhudqrhsx ne L_qxk_mc

Bnkkdfd O_qj+ TR@
ij_sy1=fl_hk-bnl

Rsdud Kt
Rsd_ksg Rnesv_qd Sdbgmnknfhdr+ Hmb-

Knr @mfdkdr+ TR@
rsdud=rsd_ksgrnesv_qdhmb-bnl

Q_e_hk Nrsqnurjx
TBK@

Knr @mfdkdr+ TR@
q_e_hk=br-tbk_-dct

Wh_n V_mf∗
Mnqsgvdrsdqm Tmhudqrhsx

Du_mrsnm+ TR@
v_mfwh_n=br-mnqsgvdrsdqm-dct

Bgdmj_h Vdmf
Mnqsgvdrsdqm Tmhudqrhsx

Du_mrsnm+ TR@
bjvdmf=t-mnqsgvdrsdqm-dct

:ARSP:BS
Vd rgnv _ bnmrsXms,nudqgdXc hmsdq_bshud ydqn,jmnvkdcfd &YJ( oqnne
rxrsdl enq Q@L oqnfq_lr+ sg_s hr+ _ YJ oqnne hm vghbg sgd bnl,
ltmhb_shnm bnlokdwhsx _r vdkk _r sgd qtmmhmf shldr ne sgd oqnudq
_mc udqhdq rb_kd khmd_qkx hm sgd rhyd ne sgd ldlnqx M _mc sgd qtm,
mhmf shld S ne sgd tmcdqkxhmf Q@L oqnfq_l- Adrhcdr xhdkchmf _m
_rxlosnshb hloqnudldms ne oqhnq vnqj+ ntq hlokdldms_shnm fhudr
bnmbqdsd odqenql_mbd hloqnudldmsr enq Q@L,a_rdc YJ oqnner-
Hm o_qshbtk_q+ ntq hlokdldms_shnm rtoonqsr YJ oqnner ne oqhu_sd
qd_c.vqhsd _bbdrrdr sn 53 LA ne ldlnqx &113 21,ahs vnqcr( trhmf
nmkx 23 axsdr ne bnlltmhb_shnm odq _bbdrr+ _ lnqd sg_m 7/· hl,
oqnudldms bnlo_qdc sn sgd qdbdms AtaakdQ@L oqnsnbnk- Vd _krn
cdrhfm _ khfgsvdhfgs QHRB BOT sg_s b_m dbhdmskx dltk_sd sgd
LHOR,H hmrsqtbshnm rds+ _mc enq vghbg ntq YJ oqnne bnlltmhb_sdr
nmkx ≈ 21/ axsdr odq bxbkd+ lnqd sg_m 0/· kdrr sg_m sgd AtaakdQ@L
BOT- Hm _ 0// Laor mdsvnqj+ vd b_m odqenql ydqn,jmnvkdcfd dw,
dbtshnmr ne ntq BOT &vhsg 53 LA ne l_hm ldlnqx _mc 3 LA ne
oqnfq_l ldlnqx( _s _ bknbj q_sd ne 5�5 JGy-

BBR BNMBDOSR
” Sgdnqx ne bnlots]shnm → Bqxosnfq]oghb oqnsnbnkr-

IDWVNPCR
Ydqn,jmnvkdcfd oqnner

:BL Pdedqdmbd Enql]s9
Mhbgnk_r Eq_mydrd+ Inm_sg_m J_sy+ Rsdud Kt+ Q_e_hk Nrsqnurjx+ Wh_n V_mf∗+
_mc Bgdmj_h Vdmf- 1/10- Bnmrs_ms,Nudqgd_c Ydqn,Jmnvkdcfd enq Q@L
Oqnfq_lr- Hm Oqnbddchmfr ne sgd 1/10 9AL RGFR9A Anmedqdmbd nm Anlotsdq
Xmc AnlltmhbXshnmr Rdbtqhsx &AAR —10() Mnudladq 04z08) 1/10) UhqstXk Dudms)
Pdotakhb ne InqdX- @BL+ Mdv Xnqj+ MX+ TR@+ 03 o_fdr- gssor9..cnh-nqf.0/-
0034.235/01/-23737//

Odqlhrrhnm sn l_jd chfhs_k nq g_qc bnohdr ne _kk nq o_qs ne sghr vnqj enq odqrnm_k nq
bk_rrqnnl trd hr fq_msdc vhsgnts edd oqnuhcdc sg_s bnohdr _qd mns l_cd nq chrsqhatsdc
enq oqns nq bnlldqbh_k _cu_ms_fd _mc sg_s bnohdr ad_q sghr mnshbd _mc sgd etkk bhs_shnm
nm sgd qrs o_fd- Bnoxqhfgsr enq bnlonmdmsr ne sghr vnqj nvmdc ax nsgdqr sg_m sgd
_tsgnq&r( ltrs ad gnmnqdc- @arsq_bshmf vhsg bqdchs hr odqlhssdc- Sn bnox nsgdqvhrd+ nq
qdotakhrg+ sn onrs nm rdqudqr nq sn qdchrsqhatsd sn khrsr+ qdpthqdr oqhnq rodbhb odqlhrrhnm
_mc.nq _ edd- Qdptdrs odqlhrrhnmr eqnl odqlhrrhnmr=_bl-nqf-
AAR —10) Mnudladq 04z08) 1/10) UhqstXk Dudms) Pdotakhb ne InqdX
z 1/10 Bnoxqhfgs gdkc ax sgd nvmdq._tsgnq&r(- Otakhb_shnm qhfgsr khbdmrdc sn @BL-
@BL HRAM 867,0,34/2,7343,3.10.00- - - #04-//
gssor9..cnh-nqf.0/-0034.235/01/-23737//

0 HMSPNCTBSHNM
Ydqn,jmnvkdcfd &YJ( oqnner dm_akd _ oqnudq L sn bnmuhmbd _ udq,
hdq P sg_s sgd oqnudq jmnvr _ vhsmdrr u nm vghbg _ o_qshb,
tk_q oqnfq_l O du_kt_sdr sn 0 vhsgnts qdud_khmf _mxsghmf _cch,
shnm_k _antsu - @ rdqhdr ne vnqjr nudq sgd o_rs rdudq_k xd_qr &d-f-+
Z0+ 6+ 8+ 02+ 04+ 1/+ 10+ 12+ 16+ 17[( g_r rgnvm rdudq_k ghfgkx dbhdms
YJ oqnsnbnkr+ gnvdudq enq sgd lnrs o_qs sgdrd hloqnudc oqnsnbnkr
g_ud enbtrdc nm sgd b_rd vgdqd sgd oqnfq_l O hr qdoqdrdmsdc _r _
annkd_m nq _qhsgldshb bhqbths- Sghr l_jdr rtbg oqnne rxrsdlr rnld,
vg_s chbtks sn _ookx sn sgd _qft_akx lnqd m_stq_k rdsshmf vgdqd O
hr _ oqnfq_l hmsdmcdc sn ad qtm nm _ fdmdq_k,otqonrd BOT+ sg_s hr+
vgdm O hr qdoqdrdmsdc _r _ oqnfq_l hm sgd qXmcnl,Xbbdrr lXbghmd
&P9L( lncdk ne bnlots_shnm- @ksgntfg _mx rtbg oqnfq_l b_m ad
bnmudqsdc sn _ bhqbths+ cnhmf rn b_m ad bg_kkdmfhmf _mc shld bnm,
rtlhmf: lnqd hlonqs_mskx+ hs b_m kd_c sn rta,noshl_k odqenql_mbd
_r _ fdmdq_k Q@L oqnfq_l qtmmhmf hm shld S _mc trhmf ldlnqx
ne rhyd M qdpthqdr _ bhqbths ne rhyd Θ(SM ( sn udqhex hsr dwdbtshnm-

Rnld oqhnq vnqj g_r rgnvm YJ oqnner hm sgd Q@L lncdk ne
bnlots_shnm- Gt+ Lng_rrdk+ _mc Qnrtkdj Z08[+ _mc rtardptdmskx
Lng_rrdk+ Qnrtkdj _mc Rb_etqn Z11[+ oqnonrdc _m _ooqn_bg hm vghbg
sgd _ccqdrrdr ne ldlnqx _bbdrrdr _qd qdud_kdc sn sgd udqhdq: sn
_bbntms enq sg_s+ sgdx trd nakhuhntr Q@L sn l_jd sgd nqhfhm_k Q@L
oqnfq_l nakhuhntr- Sgdhq enbtr v_r nm _rxlosnshb odqenql_mbd+
_mc sn sgd adrs ne ntq jmnvkdcfd sgdhq oqnsnbnkr g_ud mdudq addm
hlokdldmsdc- Sgd ShmxQ@L eq_ldvnqj Z2+ 3+ 13[ _unhcr sgd trd ne
nakhuhntr Q@L ax trhmf _ qntshmf mdsvnqj sn dmrtqd bnmrhrsdmbx
ne ldlnqx _bbdrrdr- Qdbdms vnqj ax Aknbj ds _k- Z4+ 5[ qdctbdr sgd
ldlnqx nudqgd_c ne sgd ShmxQ@L oqnsnbnk ats cndr mns qdonqs
bnmbqdsd bnlots_shnm_k dbhdmbx- Gd_sg _mc Jnkdrmhjnu _c_osdc
sgd qntshmf,mdsvnqj _ooqn_bg _mc hmsdfq_sdc hs vhsg f_qakdc,bhqbths
YJ oqnsnbnkr Z01+ 06+ 1/[ sn cdudkno AtaakdQ@L Z05[ _mc Ataakd,
B_bgd Z07[+ vghbg _kknv enq YJ oqnner _ants sgd dwdbtshnm ne _
khfgsvdhfgs+ fdmdq_k,otqonrd BOT- @kk sgdrd _ooqn_bgdr hmsqnctbd
nudqgd_c ne _s kd_rs Ω(knfM ( odq ldlnqx _bbdrr odqenqldc ax
sgd tmcdqkxhmf Q@L oqnfq_l+ dhsgdq ctd sn sgd trd ne nakhuhntr
Q@L nq ctd sn sgd bnrs ne sgd qntshmf mdsvnqj- Lnqdnudq+ sgd bnm,
bqdsd dbhdmbx ne sgd rs_sd,ne,sgd,_qs kd_udr qnnl enq hloqnudldms:
enq dw_lokd+ vgdm ldlnqx hr ne rhyd M + 113 vhsg _ 21,ahs vnqc
rhyd+ AtaakdQ@L qdpthqdr nudq 18// axsdr ne bnlltmhb_shnm odq
ldlnqx _bbdrr+ _mc AtaakdB_bgd &vghbg hmsqnctbdr _ mnshbd_akd+
c_s_,cdodmcdms oqna_ahkhsx ne e_hktqd( qdpthqdr 13/ axsdr ne bnllt,
mhb_shnm- Annskd ds _k-Z7[ b_m _bghdud adssdq sg_m knfM nudqgd_c+

∗Bnqqdronmchmf _tsgnq
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ats sgdhq _ooqn_bg hr mns bnmbqdsdkx lnqd dbhdms sg_m sgd rbgdldr
chrbtrrdc _anud _mc b_mmns _bghdud bnmrs_ms nudqgd_c-

0-0 Bnmsqhatshnmr
Hm sghr vnqj+ vd oqnonrd _ chdqdms _ooqn_bg sn Q@L,a_rdc ydqn
jmnvkdcfd sg_s ndqr ansg _rxlosnshb _mc bnmbqdsd dbhdmbx hl,
oqnudldmsr qdk_shud sn oqhnq vnqj- Rodbhb_kkx+ vd _unhc sgd knfM
nudqgd_c odq ldlnqx _bbdrr oqdrdms hm _kk oqhnq vnqj+ _mc _bghdud
bnmrsXms,nudqgdXc &hmsdq_bshud( YJ oqnner+ h-d-+ YJ oqnner hm vghbg
sgd bnlltmhb_shnm bnlokdwhsx+ _r vdkk _r sgd qtmmhmf shldr ne sgd
oqnudq _mc udqhdq+ _qd N(M � S (- Ntq _ooqn_bg xhdkcr mns nmkx
_m _rxlosnshb hloqnudldms nm oqhnq vnqj ats+ _r vd vhkk chrbtrr+
bnmbqdsd dbhdmbx hloqnudldmsr _r vdkk-

Sgd jdx mnudksx ne ntq _ooqn_bg hr sg_s hs dmrtqdr bnmrhrsdmbx
ne ldlnqx _bbdrrdr trhmf _ onkxmnlhXk dptXkhsx bgdbj q_sgdq sg_m
_ rnqshmf mdsvnqj+ vghkd rshkk _unhchmf sgd mddc enq nakhuhntr Q@L-
Vd hkktrsq_sd sgd hcd_ ax enbtrhmf nm YJ oqnner enq sgd rhlokhdc
etmbshnm_khsx ne qd_c,nmkx _qq_x _bbdrr- Sghr etmbshnm_khsx _kknvr
sgd oqnudq sn bnllhs sn sgd dkdldmsr ne _m _qq_x L _mc sgdm qd_c
sgnrd dkdldmsr _mc oqnud rs_sdldmsr _ants sgdhq u_ktdr-0 @r _
rhlokd dw_lokd+ bnmrhcdq sgd b_rd vgdqd sgd oqnudq v_msr sn oqnud
hm ydqn jmnvkdcfd sn sgd udqhdq sg_s sgdqd dwhrsr _m hmcdw h enq
vghbg Lh + s &vgdqd s hr _ otakhb u_ktd(- Sgd oqnsnbnk hm sghr b_rd
qntfgkx oqnbddcr _r enkknvr9
&0( Sgd oqnudq bnllhsr sn sgd khrs ne u_ktdrF +

�
(/.L/(. (0.L0(. � � � .

(M � 0.LM�0(

- &Sghr b_m ad cnmd nmbd,_mc,enq,_kk+ _mc adenqd

s hr jmnvm-(
&1( Sgd oqnudq bnllhsr sn (h. s(+ vgdqd s hr jmnvm sn sgd udqhdq

ats h hr mns+ _mc _oodmcr (h. s( sn F-
&2( Sgd oqnudq sgdm rnqsr sgd stokdr hm F ax sgdhq qrs dmsqx+ fhuhmf

_m toc_sdc khrs F ′+ _mc bnllhsr sn sgd stokdr hm sg_s khrs-
&3( Sgd oqnudq sgdm oqnudr svn sghmfr9 &0( sg_s F ′ hr bnmrhrsdms+

m_ldkx+ sg_s he svn stokdr hm F ′ _fqdd hm sgdhq qrs dmsqx+ sgdm
sgdx _krn _fqdd hm sgdhq rdbnmc dmsqx+ _mc &1( sg_s F ′ hr _ odq,
ltsdc udqrhnm ne F ′- Sgd qrs rsdo b_m ad cnmd hm sgd m_stq_k
v_x ax bnlo_qhmf _kk _ci_bdms dmsqhdr hm F ′+ _mc vd nlhs sgd
cds_hkr gdqd- Sgd rdbnmc rsdo qdkhdr nm sgd onkxmnlh_k dpt_khsx
bgdbj ldmshnmdc d_qkhdq- Rodbhb_kkx+ kds F +

�
w/. � � �


cdmnsd

sgd stokdr hm F &vgdqd mnv vd qdoqdrdms d_bg stokd _r _ rhm,
fkd dkc dkdldms(+ _mc kds F ′ +

�
w ′/. � � �


cdmnsd sgd stokdr

hm F ′- He vd cdmd sgd onkxmnlh_kr K(P( + 
h (wh � P( _mc

K′(P( + 
h (w ′h � P(+ sgdm mnsd sg_s F _mc F ′ _qd odqlts_,

shnmr ne d_bg nsgdq h K(P( + K′(P(- Sgd udqhdq b_m dbhdmskx
sdrs dpt_khsx ne sgdrd onkxmnlh_kr ax bgnnrhmf _ tmhenql dkc
dkdldms p _mc udqhexhmf sg_s K(p ( + K(p ′(-

Vd rgnv gnv sn dwsdmc sgd _anud hcd_r sn _cchshnm_kkx g_mckd vqhsd
_bbdrr sn sgd _qq_x- Vd _krn rgnv gnv sn dbhdmskx hmrs_msh_sd sgd
_anud trhmf qdbdms UNKD,a_rdc YJ oqnsnbnkr enq annkd_m._qhsgldshb
bhqbthsr Z1+ 0/+ 16+ 18[ _r _ athkchmf aknbj- Hm cnhmf rn vd bqtbh_kkx
qdkx nm sgd e_bs sg_s sgdrd UNKD,a_rdc YJ oqnsnbnkr rtoonqs bnm,
udqrhnmr adsvddm _tsgdmshb_sdc Annkd_m u_ktdr _mc _tsgdmshb_sdc
u_ktdr hm _m dwsdmrhnm dkc &h-d-+ �1k ( ’enq eqdd-“ Trhmf onkxmnlh_kr
sn dmbncd rdsr _mc bgdbjhmf onkxmnlh_k dpt_khsx hm ydqn jmnvkdcfd

0Vghkd ntq oqhl_qx lnshu_shnm enq qd_khyhmf sgd qd_c.vqhsd udqrhnm ne sghr etmbshnm_khsx
hr YJ oqnner ne _qahsq_qx Q@L oqnfq_lr+ sgd etmbshnm_khsx hr _krn hmsdqdrshmf hm hsr
nvm qhfgs Z00[- Vd oqnuhcd etqsgdq chrbtrrhnm adknv-

_qd ansg hcd_r sg_s g_ud addm dwoknqdc+ hm nsgdq bnmsdwsr+ hm oqhnq
vnqj- Sn sgd adrs ne ntq jmnvkdcfd+ vd _qd sgd qrs sn _ookx sgdl
sn Q@L,a_rdc YJ+ _r vdkk _r sn dwoknqd sgd dbhdmbx _cu_ms_fdr
ne hlokdldmshmf sgdl trhmf UNKD,a_rdc YJ oqnsnbnkr-

Ntq hlokdldms_shnm dm_akdr oqnner ne oqhu_sd qd_c.vqhsd _bbdrr
sn _m _qq_x ne 113 21,ahs dkdldmsr &h-d-+ 53 LA ne ldlnqx hm sns_k(
trhmf nmkx 23 axsdr ne bnlltmhb_shnm odq _bbdrr- Sghr hr lnqd sg_m
_m 7/· hloqnudldms hm bnlltmhb_shnm bnlo_qdc sn sgd oqduhntr
rs_sd,ne,sgd,_qs Z05[- Vgdm qtmmhmf nudq _ ldchtl,a_mcvhcsg
mdsvnqj+ vgdqd bnlltmhb_shnm hr sgd ansskdmdbj+ sghr qdctbshnm hm
bnlltmhb_shnm chqdbskx sq_mrk_sdr hmsn _ qntfgkx 5/· hloqnudldms
hm nudq_kk qtmmhmf shld-

Ntq YJ oqnsnbnk enq oqhu_sd qd_c.vqhsd _qq_x _bbdrr hr onvdqetk
dmntfg enq rnld _ookhb_shnmr sg_s cn mns qdpthqd sgd etkk dwoqdrrhud,
mdrr ne Q@Llncdk bnlots_shnm- Enq dw_lokd+ vd rgnv _ cdchb_sdc
oqnsnbnk enq oqnuhmf hm ydqn jmnvkdcfd sg_s _ bnllhssdc rsqhmf
l_sbgdr _ otakhb qdftk_q dwoqdrrhnm: ntq oqnsnbnk qtmr hm shld khm,
d_q hm sgd kdmfsg ne sgd bnllhssdc rsqhmf- @r _mnsgdq dw_lokd+ vd
rgnv gnv sn fhud _ YJ oqnne ne jmnvkdcfd ne _ oqdhl_fd ne sgd
rapxos g_rg etmbshnm+ _ ldlnqx,g_qc g_rg etmbshnm cdrhfmdc rodbhe,
hb_kkx rn sg_s hsr bnlots_shnm qdpthqdr dwsdmrhud q_mcnl _bbdrrdr
sn ldlnqx-

:m dbhdms ydqn,jmnvkdcfd oqnbdrrnq- Vd trd sgd _anud oqn,
snbnk sn athkc _ YJ oqnne ne fdmdqhb Q@L bnlots_shnm- @r _kqd_cx
mnsdc+ sghr hr hmsdqdrshmf sgdnqdshb_kkx _r sgd qrs bnmrsXms,nudqgdXc
YJ oqnsnbnk hm sghr rdsshmf- Eqnl _ oq_bshb_k onhms ne uhdv+ gnvdudq+
hs hr nesdm lnqd trdetk sn bnmrhcdq sgd rodbhb Q@L oqnfq_l bnqqd,
ronmchmf sn _ BOT sg_s b_m sgdm dwdbtsd _qahsq_qx Q@L oqnfq_lr-
Vhsg sghr hm lhmc+ vd cdrhfm _ khfgsvdhfgs BOT vhsg _ rhlokd
&02,hmrsqtbshnm( _qbghsdbstqd sg_s hr mdudqsgdkdrr dwoqdrrhud dmntfg
sn dltk_sd lnrs hmrsqtbshnmr hm sgd LHOR,H hmrsqtbshnm rds vhsghm _
edv bxbkdr- Vd b_m fhud ydqn,jmnvkdcfd oqnner _ants sgd dwdbtshnm
ne ntq BOT &vhsg 53 LA ne l_hm ldlnqx _mc 3 LA ne oqnfq_l
ldlnqx( trhmf _ants 21/ axsdr ne bnlltmhb_shnm odq bxbkd- Vgdm
qtm hm _ 0// Laor mdsvnqj+ ntq ydqn,jmnvkdcfd BOT vhsg 53 LA
ne ldlnqx dwdbtsdr _s _ bknbj q_sd ne 5-5 JGy+ lnqd sg_m _m nqcdq
ne l_fmhstcd e_rsdq sg_m sgd AtaakdB_bgd BOT sg_s dwdbtsdr &enq
sgd r_ld ldlnqx rhydr( _s _ q_sd ne /�12 JGy hm _ 0 Faor mdsvnqj-

1 OPDKHLHM:PHDR
Vd kds x ad sgd rdbtqhsx o_q_ldsdq- Enq _ onrhshud hmsdfdq i + kds
)i[ + {/. � � � .i � 0{- @r bnmudmhdms+ vd l_x dwoqdrr sgd dmsqhdr ne
_ kdmfsg,M _qq_x L _r L/. � � � .LM�0 nq L)/[. � � � .L)M � 0[-

1-0 Hmenql]shnm,Sgdnqdshb L:Br
Sgd YJ oqnsnbnkr vd trd hm sghr o_odq _qd athks nm sno ne _m
hmenql_shnm,sgdnqdshb L@B &HS,L@B( trdc ax sgd udqhdq P sn
_tsgdmshb_sd u_ktdr jmnvm sn sgd oqnudq L- Sgd udqhdqP g_r _
fkna_k _tsgdmshb_shnm jdx � ∈ �1k - @ ahs w jmnvm sn L hr _tsgdm,
shb_sdc ax g_uhmf L nas_hm _ tmhenql Lt ∈ �1k _mc g_uhmf P
nas_hm It ∈ �1k rtbg sg_s

It + Lt ⊕ w��

Vd uhdv sghr _r oqnuhchmf _ ’g_mckd“ enq sgd tmcdqkxhmf u_ktd+
_mc kds )w[ ld_m sg_s L gnkcr (w.Lt ( _mcP gnkcr It - Vd rsqdrr+
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Etmbshnm]khsx FXI

Hmotsr9 Nm qdbdhuhmf (Hmots. w( eqnl sgd oqnudq+ rsnqd w _mc
rdmc )w[ sn d_bg o_qsx-

Bnmrs]msr9 Nm qdbdhuhmf (Bnmrs. w( eqnl ansg o_qshdr+ rsnqd
w _mc rdmc )w[ sn d_bg o_qsx- &He sgd hmotsr rdms ax sgd svn
o_qshdr cn mns l_sbg+ ansg o_qshdr qdbdhud agdZshmf-(

Annkd]m bhqbths r]shr]ahkhsx9 Nm qdbdhuhmf
(AnnkdZm.A. )w/[. � � � . )wk�0[( eqnl ansg o_qshdr+
vgdqd wh ∈ �1 _mc A hr _ Annkd_m bhqbths+ bnlotsd
a 9+ A(w/. � � � . wk�0( _mc rdmc a snP -

:qhsgldshb bhqbths r]shr]ahkhsx9 Nm qdbdhuhmf
(5phsgldsha.A. ))w/[[. � � � . ))wk�0[[( eqnl ansg o_qshdr+ vgdqd
wh ∈ �1k _mc A hr _m _qhsgldshb bhqbths nudq �1k + bnlotsd
µ 9+ A(w/. � � � . wk�0(- He µ + 0 rdmc 0 snP : dkrd rdmc / snP -

Ehftqd 09 Hcd]k etmbshnm]khsx enq rs]sdetk bhqbths,a]rdc ydqn,
jmnvkdcfd oqnner-

gnvdudq+ sg_s svn chdqdms g_mckdr enq sgd r_ld u_ktd _qd fdm,
dq_sdc hmcdodmcdmskx: sgtr+ hm o_qshbtk_q+ hs hr mns onrrhakd enq P
sn sdkk vgdsgdq svn g_mckdr _qd enq sgd r_ld u_ktd nq mns- Sgdrd
HS,L@Br _qd WNQ,gnlnlnqoghb hm sg_s o_qshdr gnkchmf )w[ _mc )µ[
b_m knb_kkx bnlotsd )w ⊕ µ[ ax WNQhmf u_ktdr sgdx _kqd_cx gnkc-

Enq w + w0 · · · wk ∈ {/. 0{k + vd nudqkn_c sgd _anud mns_shnm ax
kdsshmf )w[ + )w0[. � � � . )wk [- Enq sgd rodbh_k b_rd ne w ∈ {/. 0{x + vd
b_m _ksdqm_shudkx uhdv w _r _m dkdldms hm sgd dwsdmrhnm dkc �1k -
Hm sghr b_rd vd dwsdmc sgd _anud HS,L@B hm sgd m_stq_k v_x+ h-d-+ ax
bgnnrhmf tmhenql Lt ∈ �1k _mc rdsshmf It + Lt ⊕ w · �+ vgdqd
ltkshokhb_shnm hr hm �1k - Sn chrshmfthrg sghr b_rd+ vd vqhsd ))w[[
vgdm w ∈ �1k - Sgdrd HS,L@Br _qd rhlhk_qkx gnlnlnqoghb vhsg
qdrodbs sn _cchshnm hm �1k + _r vdkk _r _cchshnm.ltkshokhb_shnm ax _
otakhb bnmrs_ms- Hlonqs_mskx+ o_qshdr gnkchmf _tsgdmshb_sdc ahsr
)w/[. � � � . )wx�0[ b_m knb_kkx bnmudqs sgdrd sn sgd _tsgdmshb_sdc
u_ktd ))w[[- Rodbhb_kkx+ he vd w _ cdfqdd,x hqqdctbhakd onkxmn,
lh_k e (W ( _mc hcdmshex �1k vhsg �1)W [](e (W ((+ sgdm vd g_ud w +
h ∈)x[ wh · Wh + vgdqd W ∈ �1k cdmnsdr sgd dkdldms bnqqdronmchmf

sn W ∈ �1)W [](e (W ((- Sgd o_qshdr b_m bnlotsd ))w[[ ax g_uhmf sgd
oqnudq bnlotsd Lt +


h ∈)x[Lt� · Wh _mc sgd udqhdq bnlotsd

It +

h ∈)x[ It� · Wh : vd sgdm g_ud

Lt +

h ∈)x[

Lt� · Wh

+

h ∈)x[

(It� ⊕ wh�( · Wh

+

h ∈)x[

It� · Wh ⊕
 
h ∈)x[

wh · Wh

· �

+ It ⊕ w · ��

Hm rgnqs+ sgd HS,L@Br _qd _krn ’gnlnlnqoghb“ vhsg qdrodbs sn ahs
o_bjhmf- Vd vqhsd ))w[[ 9+ OZai()w/[. � � � . )wx�0[( sn qdoqdrdms sghr
oqnbdctqd-

1-1 �Rs]sdetk( Bhqbths,A]rdc Ydqn,Imnvkdcfd
Oqnner

Vd qdkx nm rs_sdetk ydqn,jmnvkdcfd oqnner enq Annkd_m _mc _qhsg,
ldshb bhqbthsr- Ax ’rs_sdetk“ vd ld_m sg_s sgd oqnudq b_m bnllhs
sn u_ktdr _mc sgdm qdod_sdckx trd sgnrd u_ktdr enq chdqdms ydqn,
jmnvkdcfd oqnner- Vd oqnuhcd sgd qdkdu_ms etmbshnm_khsx hm Ehftqd 0-
Sgd etmbshnm_khsx b_m ad hmrs_msh_sdc trhmf rdudq_k dwhrshmf oqn,
snbnkr+ ats hm ntq hlokdldms_shnm vd trd sgd qdbdms UNKD,a_rdc
YJ oqnsnbnkr Z1+ 0/+ 16+ 18[ sg_s g_ud fnnc bnmbqdsd dbhdmbx _mc
sg_s dm_akd Annkd_m._qhsgldshb bnmudqrhnm &h-d-+ ahs o_bjhmf( enq
eqdd- Sgd lnrs,qdbdms rtbg oqnsnbnkr Z1+ 18[ g_ud udqx knv bnllt,
mhb_shnm9 enq _ Annkd_m &qdro-+ _qhsgldshb( bhqbths A vhsg |A | @MC
f_sdr &qdro-+ ltkshokhb_shnm f_sdr(+ sgd bnlltmhb_shnm bnlokdwhsx
hr nmkx |A | ahsr &qdro-+ dkc dkdldmsr(- @m hlonqs_ms noshlhy_shnm
hmsqnctbdc ax PthbjRhkudq Z18[ _ookhdr vgdmA b_m ad dwoqdrrdc _r
_ onkxmnlh_k ne knv &sns_k( cdfqdd- Hm sghr b_rd+ sgd bnlltmhb_shnm
bnlokdwhsx cdodmcr nm sgd cdfqdd ne sgd onkxmnlh_k ats mns sgd
mtladq ne ltkshokhb_shnmr-

1-2 P:L,A]rdc Bnlots]shnm
Ntq lncdk enq Q@L,a_rdc bnlots_shnm hr a_rdc nm sgd nmd ne
Fnqcnm ds _k- Z03[- @ Q@L oqnfq_l hr cdmdc ax _ ’mdws,hmrsqtbshnm
bhqbths“ Π sg_s+ fhudm hsr btqqdms rs_sd _mc _ u_ktd c + ntsotsr sgd
mdws hmrsqtbshnm sn dwdbtsd _knmf vhsg toc_sdc rs_sd- Sgtr+ _m
dwdbtshnm ne Q@L oqnfq_l Π vgdm sgd ldlnqxL hr hmhsh_khydc sn
L/. � � � .LM�0 ∈ {/. 0{R &vd _rrtld enq rhlokhbhsx sg_sV _mc M
_qd g_qc,bncdc hm Π( oqnbddcr ax rdsshmf rs 9+ rsZps _mc c 9+ /R
_mc sgdm tmshk sdqlhm_shnm cnhmf9

• Bnlotsd (no. ℓ.c ′. rs′( 9+ Π(rs.c(+ _mc rds rs 9+ rs′- Sgdm9
z He no + Rsno+ sdqlhm_sd vhsg ntsots c ′-
z He no + PdZc+ rds c 9+ L, -
z He no + Sphsd+ rds L, 9+ c ′ _mc c 9+ c ′-

Vd qdedq sn d_bg hsdq_shnm ne sgd _anud knno _r _ bxbkd+ _mc dwoqdrr
sgd dmshqd bnlots_shnm _anud _r Π(L/. � � � .LM�0(-

Π l_x qdoqdrdms _ rodbhb _kfnqhsgl &d-f-+ ahm_qx rd_qbg( dwd,
btshmf hm sgd Q@L lncdk- @ksdqm_sdkx+ hs b_m ad _ fdmdq_k,otqonrd
BOT sg_s g_r sgd _ahkhsx sn dwdbtsd _qahsq_qx _rrdlakx bncd kn_cdc
hmsn _ onqshnm ne ldlnqx- Hm sg_s b_rd hs hr bnmudmhdms sn g_ud sgd
rs_sd rs ne Π bnmrhrs ne _ oqnfqXl bntmsdq ob _r vdkk _r _m _qq_x ne
qdfhrsdqr P- Hs hr _krn trdetk sn rdfldms sgd ldlnqx hmsn _ oqnfqXl
ldlnqx Lo gnkchmf sgd oqnfq_l &h-d-+ _rrdlakx bncd( sn ad dwd,
btsdc+ _mc _ lXhm ldlnqx Lc enq rsnqhmf c_s_: enq dbhdmbx+ nmd
l_x sqd_sLo _r adhmf qd_c,nmkx &sgntfg sghr hr mns drrdmsh_k(- Lnqd
fdmdq_kkx+ hs l_x ad _cu_ms_fdntr sn _c_os sgd _anud lncdk hm nsgdq
v_xr &d-f-+ ansg qd_chmf eqnl oqnfq_l ldlnqx _mc _bbdrrhmf l_hm
ldlnqx nmbd odq bxbkd(+ _r vdkk _r sn qdoqdrdms Π hm nsgdq lncdkr
ne bnlots_shnm &d-f-+ trhmf annkd_m bhqbthsr enq rnld hmrsqtbshnmr
_mc _qhsgldshb bhqbthsr enq nsgdqr(: vd qdedq sn Rdbshnm 3 enq etqsgdq
chrbtrrhnm hm sgd bnmsdws ne _ khfgsvdhfgs QHRB BOT vd cdrhfm-

2 YDPN,IMNVKDCFD OPNNER HM SGD P:L
LNCDK

Hm sghr rdbshnm+ vd oqdrdms ydqn,jmnvkdcfd oqnner hm sgd Q@L
lncdk- Vd adfhm ax enbtrhmf nm oqnsnbnkr enq oqhu_sd _qq_x _bbdrr-
Qntfgkx+ sgdrd oqnsnbnkr _kknv _ oqnudq sn bnllhs sn _m _qq_x ne
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Etmbshnm]khsx FPM,XIZppZx

&Hm _cchshnm sn sgd enkknvhmf+ sgd etmbshnm_khsx _krn rtoonqsr
_kk hmrsqtbshnmr hm FXI-(

Hmhsh]khy]shnm9 Nm qdbdhuhmf (Hmhs.V .M . )L/[. � � � . )LM�0[(
eqnl L _mcP + vgdqd Lh ∈ {/. 0{R + rsnqd sgd {Lh { _mc rds
e 9+ gnmdrs-

Pd]c9Nm qdbdhuhmf (PdZc. )ℓ[.c( eqnl L + _mc (PdZc. )ℓ[( eqnl
P + rdmc )c[ sn d_bg o_qsx- He c � L, nq ℓ ≥ M sgdm rds
e 9+ agdZshmf-

Bgdbj9 Tonm qdbdhuhmf (agdai( eqnlP cn9 He L rdmcr (agdZs(
sgdm rdmc agdZshmf snP - He L rdmcr (anmshmtd( sgdm rdmc e
snP -

Ehftqd 19 Hcd]k etmbshnm]khsx enq oqhu]sd qd]c,nmkx ]qq]x ]b,
bdrr-

u_ktdr+ _mc sgdm &hm sgd qd_c,nmkx b_rd( qd_c u_ktdr eqnl sgd _qq_x
qdedqdmbdc ax _ccqdrr g_mckdr+ nq &hm sgd fdmdq_k b_rd( qd_c.vqhsd
u_ktdr eqnl.sn sgd _qq_x _r chbs_sdc ax _m nodq_shnm g_mckd )no[ _mc
_m _ccqdrr g_mckd )ℓ[- Hm sgd qd_c,nmkx b_rd+P cndr mns kd_qm sgd
_ccqdrr adhmf qd_c: hm sgd qd_c.vqhsd b_rd+P _krn cndr mns kd_qm sgd
nodq_shnm adhmf odqenqldc nq &hm b_rd ne _ vqhsd( sgd u_ktd adhmf
vqhssdm- @s sgd dmc ne sghr rdbshnm+ vd rgnv gnv sgdrd oqnsnbnkr
b_m ad trdc sn rtoonqs YJ oqnner ne fdmdq_k Q@L bnlots_shnm-

2-0 Pd]c,Nmkx :qq]x :bbdrr
Vd adfhm ax cdrbqhahmf sgd b_rd ne qd_c,nmkx _qq_x _bbdrr- @ enql_k
cdrbqhoshnm ne sgd qdkdu_ms etmbshnm_khsx hm sghr b_rd hr fhudm hm
Ehftqd 1- Ntq oqnsnbnk qd_khyhmf sghr etmbshnm_khsx hm sgd FXI,gxaqhc
lncdk oqnbddcr hm sgqdd og_rdr9
&0( Hmhsh]khy]shnm- Hm sghr rsdo+ sgd oqnudq hmhsh_khydr ldlnqx vhsg

bnmsdmsr L/. � � � .LM�0 ax fdmdq_shmf sgd khrs ne g_mckdr F +

(()/[. )L/[(. � � � . ()M � 0[. )LM�0[((-
&1( Pd]c- @ qd_c nodq_shnm _s sgd _ccqdrr qdoqdrdmsdc ax sgd g_m,

ckd )ℓ[ hr b_qqhdc nts ax rhlokx g_uhmf sgd oqnudq fdmdq_sd _
g_mckd enqL, - &Sgd oqnudq jmnvr _kk sgd u_ktdr+ rn hs b_m d_rhkx
cn sghr-( Ansg o_qshdr _oodmc sgd qdrtks &_knmf vhsg )ℓ[( sn F-
@s sghr onhms+ mnsghmf oqdudmsr _ bgd_shmf oqnudq eqnl trhmf
_m hmbnmrhrsdms u_ktd c � L, : _mx rtbg bgd_shmf+ gnvdudq+ vhkk
ad b_tfgs hm sgd bgdbj og_rd-

&2( Bgdbj- Sn bgdbj bnqqdbsmdrr ne _ rdptdmbd F ne rhyd i bnmrhrs,
hmf ne sgd hmhsh_k ldlnqx bnmsdmsr _mc sgd qdrtksr ne _ rdptdmbd
ne qd_c _bbdrrdr+ sgd o_qshdr oqnbddc _r enkknvr- L rnqsr sgd
stokdr hm F ax sgdhq _ccqdrrdr+ eqnl kd_rs sn fqd_sdrs+ _mc trdr
FXI sn fdmdq_sd g_mckdr enq _ rdbnmc rnqsdc khrs F ′- Bnqqdbsmdrr
ne F b_m mnv ad bgdbjdc ax udqhexhmf svn sghmfr9 &0( sgd stokdr
hm F ′ _qd bnmrhrsdms hm sgd rdmrd sg_s he ()ℓ[. )c[(. ()ℓ[. )c ′[( _qd
svn stokdr hm F ′ vhsg sgd r_ld _ccqdrr ℓ+ sgdm c + c ′+ _mc
&1( F ′ hr _ odqltsdc udqrhnm ne F- Mnv9
&_( Sgd qrs qdpthqdldms b_m ad udqhdc trhmf _ rdptdmbd ne

i � 0 udqhb_shnmr odqenqldc nm _ci_bdms stokdr hm F ′-
M_ldkx+ enq _ci_bdms stokdr ()ℓ′h [. )c ′h [( _mc ()ℓ′h�0[. )c ′h�0[(
sgd udqhdq bgdbjr sg_s dhsgdq ℓ′h , ℓ′h�0 &h-d-+ sgd stokdr _qd
rnqsdc bnqqdbskx( nq dkrd ℓ′h + ℓ′h�0 _mc c ′h + c

′
h�0 &h-d-+ sgd

Oqnsnbnk ΠPM,XIZppZx

O]q]ldsdqr9 Kds M ad sgd rhyd ne sgd _qq_x _mc kdsV ad sgd
ahs,kdmfsg ne _qq_x dkdldmsr+ vgdqdV � ⌈knfM ⌉ • x-

@kk hmrsqtbshnmr hm FXI _qd g_mckdc hm sgd m_stq_k v_x-

Hmhsh]khy]shnm9 L _mc P g_ud _ khrs ne g_mckdr {)Lh [{h ∈)M [-
D_bg o_qsx knb_kkx hmhsh_khydr F _r _m dlosx khrs- Sgdm enq
h ∈ )M [+ sgd o_qshdr cn
&0( L _mcP rdmc (Bnmrs. h( sn FXI+ vghbg qdstqmr )h[ sn d_bg

o_qsx- &He dhsgdq o_qsx qdbdhudr agdZshmf+ sgdx _anqs-(
&1( D_bg o_qsx knb_kkx _oodmcr ()h[. )Lh [( sn F-
Pd]c9 Sgd o_qshdr gnkc )ℓ[-L rdsrc 9+ L, _mc rdmcr (hmots.c(
sn FXI+ vghbg qdstqmr )c[ sn d_bg o_qsx- Sgdm sgd svn o_qshdr
knb_kkx _oodmc ()ℓ[. )c[( sn F-

Bgdbj9 Kds S ad sgd mtladq ne qd_cr odqenqldc- D_bg o_qsx
gnkcr _ khrsF +

�
()ℓ/[. )L/[(. � � �


bnms_hmhmf i + M �S stokdr-

&0( L rnqsr sgd stokdr hm F ax sgdhq qrs dmsqx+ eqnl kd_rs sn
fqd_sdrs+ fhuhmf _ mdv khrs

�
(ℓ′/.L ′

/(. � � �

- Enq h ∈ )i[+ L

rdmcr (hmots. ℓ′h ( _mc (hmots.L ′
h ( sn FXI+ vghbg qdstqmr

)ℓ′h [ _mc )L ′
h [ sn d_bg o_qsx- D_bg o_qsx enqlr sgd khrs F ′ +�

()ℓ′/[. )L ′
/[(. � � �


-

&1( Enq d_bg h ∈ )i � 0[+ L _mc P rdmc
(AnnkdZm.A. )ℓ′h [. )ℓ′h�0[. )L ′

h [. )L ′
h�0[( sn FXI+ vgdqd

A(ℓ′h . ℓ′h�0.L ′
h .L

′
h�0( hr _ Annkd_m bhqbths sg_s ntsotsr 0

he _mc nmkx he

(ℓ′h + ℓ′h�0( V (L ′

h + L
′
h�0(


∨


ℓ′h , ℓ′h�0


-

Rhlhk_qkx+ L oqnudr sg_s )ℓ′i�0[ , M - He FXI dudq qdstqmr /+
sgdmP ntsotsr agdZshmf _mc _anqsr-

&2( Enq h ∈ )i[+ sgd o_qshdr knb_kkx bnlotsd ))wh [[ 9+
OZai()ℓh [. )Lh [( _mc ))w ′h [[ 9+ OZai()ℓ′h [. )L ′

h [(-
&3( P r_lokdr _ tmhenql p ∈ �1i _mc rdmcr hs sn L-
&4( Kds A ′ ad _m _qhsgldshb bhqbths enq vghbg

A ′(X/. � � � .Xi�0.a/. � � � .ai�0( + 0 h


h ∈)i [ Xh +
h ∈)i [ ah - L _mc P rdmc (5phsgldsha.A ′. ))w/ �

p [[. � � � . ))wi�0 � p [[. ))w ′/ � p [[. � � � . ))w ′i�0 � p [[( sn FXI- He
FXI qdstqmr /+ sgdm P ntsotsr agdZshmf- Nsgdqvhrd+ P
ntsotsr gnmdrs-

Ehftqd 29 YI oqnne enq oqhu]sd qd]c,nmkx ]qq]x ]bbdrr hm sgd
FXI,gxaqhc lncdk-

stokdr _qd bnmrhrsdms(- Mnsd sg_s d_bg ne sgdrd bgdbjr b_m
ad odqenqldc ax _ bhqbths vgnrd rhyd hr hmcdodmcdms ne i -

&a( Sgd rdbnmc qdpthqdldms hr udqhdc _r enkknvr9 qrs+ vd trd
ahs,o_bjhmf sn l_o d_bg stokd hm F _mc F ′ sn _m dkdldms
ne �1k - Vd sgtr nas_hm svn khrsr F + ())w/[[. � � � . ))wi�0[[(
_mc F ′ +


))w ′/[[. � � � . ))w ′i�0[[


- Bnmrhcdq sgd enql_k onkx,

mnlh_kr K(P( +
h (wh � P( _mc K′(P( +


h (w ′h � P(: sgdrd

onkxmnlh_kr _qd dpt_k h F _mc F ′ _qd odqltsdc udqrhnmr
ne d_bg nsgdq- Sgd udqhdq bgdbjr dpt_khsx ne K(P( _mc K′(P(
ax bgnnrhmf _ tmhenql u_ktd p ∈ �1k _mc sgdm bgdbjhmf
sg_s K(p ( + K′(p (-

Sgd oqnsnbnk hr cdrbqhadc enql_kkx hm Ehftqd 2-
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Sh•or•m 0- Enq S qdXc Xbbdrrdr) sgd oqnsnbnk hm Ehftqd 2 rdbtqdkx
qdXkhydr sgd oqhuXsd qdXc,nmkx XqqXx Xbbdrr etmbshnmXkhsx &be- Ehftqd 1(
hm sgd FXI,gxaqhc lncdk vhsg rsXshrshbXk dqqnq (M �S (]1x -

Oroof- Sgd udqhdq cndr mns g_ud _mx hmots _mc nmkx qdbdhudr
ldrr_fdr eqnl sgd FXI etmbshnm_khsx- Hs hr sgdqdenqd rsq_hfgsenqv_qc
sn oqnud rdbtqhsx enq _ bnqqtosdc udqhdq+ _mc rn vd enbtr nm sgd b_rd
ne _ bnqqtosdc oqnudq L∗- Vd cdmd _ rhltk_snq Rhl hmsdq_bshmf
vhsg sgd FPM,XIZppZx etmbshnm_khsx- Sgd rhltk_snq qtmr L∗ _r _
rtaqntshmd _mc dltk_sdr FXI enq L∗- Hs oqnbddcr _r enkknvr9
• Hmhsh]khy]shnm9 @rrtlhmf L∗ cndr mns bgd_s hm sghr rsdo ax rdmc,
hmf _m hmbnqqdbs hmcdw+ Rhl rdsr F +

�
()ℓ/[. )L/[(. � � � . ()ℓM�0[.

)LM�0[(

+ vgdqd )L/[. � � � . )Lk�0[ _qd g_mckdr cdmdc ax oqduh,

ntr hmsdq_bshnmr neL∗ vhsg FXI-- Sgd rhltk_snq rdmcr (Hmhs.V .M .

)L/[. � � � . )LM�0[( sn FPM,XIZppZx-
• Pd]c9 Nm hmots )ℓ[+ kds c ad sgd u_ktd sg_s L∗ rdmcr sn FXI- Sgd

rhltk_snq sgdm rdmcr (PdZc. )ℓ[.c( sn FPM,XIZppZx+ _mc _oodmcr
()ℓ[. )c[( sn F-

• Bgdbj9 KdsS ad sgd mtladq ne qd_cr odqenqldc+ _mc kdsi + M�S -
Sgdm9
&0( Sgd rhltk_snq nas_hmr sgd rdptdmbd ne u_ktdr {ℓ′h {h ∈)i [ _mc

{L ′
h {h ∈)i [ sg_s L∗ rdmcr sn FXI- Kds F ′ +

�
()ℓ′/[. )L ′

/[(. � � � .

()ℓ′i�0[. )L
′
i�0[(


-

&1( Enq h ∈ )i�0[+ sgd rhltk_snq nas_hmr sgd ldrr_fd (AnnkdZm.A.

)ℓ′h [. )ℓ′h�0[. )L ′
h [. )L ′

h�0[( sg_s L∗ rdmcr sn FXI- HeA hr mns sgd
bnqqdbs bhqbths nqA(ℓ′h . ℓ′h�0.L ′

h .L
′
h�0( + /+ sgdm sgd rhltk_snq

rdmcr (agdZs( sn FPM,XIZppZx+ ntsotsr vg_sdudq L∗ ntsotsr+
_mc _anqsr-

&2( Kds ))wh [[ 9+ OZai()ℓh [. )Lh [( _mc ))w ′h [[ 9+ OZai()ℓ′h [. )L ′
h [(-

&3( Sgd rhltk_snq bgnnrdr _ tmhenql u_ktd p ∈ �1i _mc rdmcr hs
sn L∗-

&4( Rhl nas_hmr sgdldrr_fd (5phsgldsha.A ′. ))w/�p [[. � � � . ))wi�0�
p [[. ))w ′/�p [[. � � � . ))w ′i�0�p [[( sg_s L

∗ rdmcr sn FXI- HeA ′ hr mns
sgd bnqqdbs bhqbths nqA ′(w/�p . � � � . wi�0�p . w ′/�p . � � � . w ′i�0�
p ( � 0+ sgd rhltk_snq rdmcr (agdZs( sn FPM,XIZppZx- Nsgdqvhrd+
hs rdmcr (anmshmtd( sn FPM,XIZppZx- Hs ntsotsr vg_sdudq L∗

ntsotsr _mc _anqsr-
Vd bk_hl sg_s sgd dwdbtshnm ne sgd rhltk_snq hm sgd hcd_k vnqkc

hr rs_shrshb_kkx hmchrshmfthrg_akd eqnl sgd dwdbtshnm ne sgd oqnsnbnk
vhsg L∗ hm sgd FXI,gxaqhc vnqkc- Sn rdd sghr+ mnsd qrs sg_s sgd
uhdv ne L∗ hr odqedbskx rhltk_sdc+ _mc sgtr vd mddc nmkx bnmrhcdq
sgd ntsots ne sgd gnmdrsP - He L∗ adg_udr gnmdrskx hm dudqx qd_c
nodq_shnm &m_ldkx+ he enq hmots )ℓ[ hs _kv_xr gnkcr sg_s c + L, (+
sgdm sgd ntsots neP hr sgd r_ld hm ansg sgd hcd_k vnqkc _mc sgd
gxaqhc vnqkc- He sgdqd hr _s kd_rs nmd qd_c nodq_shnm hm vghbg L∗

adg_udr chrgnmdrskx+ sgdm hm sgd hcd_k,vnqkc dwdbtshnmP _kv_xr
ntsotsr agdZshmf _mc vd mddc sn _qftd sg_s hm sgd gxaqhc,vnqkc
dwdbtshnmP vntkc ntsots agdZshmf dwbdos vhsg oqna_ahkhsx _s lnrs
(M �S (]1x - Sgdqd _qd svn onrrhahkhshdr sn bnmrhcdq9
• HeF ′ hr _ odqlts_shnm neF+ sgdm sgdqd hr rnld h ∈ )i�0[ enq vghbg
A(ℓ′h . ℓ′h�0.L ′

h .L
′
h�0( + /- Gdmbd hm sgd gxaqhc,vnqkc dwdbtshnm

P vntkc _krn ntsots agdZshmf-
• He F ′ hr mns _ odqlts_shnm ne F ′+ sgdm sgd onkxmnlh_kr K(P( +

h (wh � P( _mc K(P′( +


h (w ′h � P( _qd chrshmbs cdfqdd,(M �

S ( onkxmnlh_kr+ _mc gdmbd vgdm p hr tmhenql vd g_ud K(p ( �
K′(p ( dwbdos vhsg oqna_ahkhsx _s lnrs (M � S (]1x - Sgtr+ hm sgd

gxaqhc,vnqkc dwdbtshnmP vntkc ntsots agdZshmf dwbdos vhsg
oqna_ahkhsx _s lnrs (M �S (]1x -

Sghr bnlokdsdr sgd oqnne- �

Bnmbqdsd dbhdmbx ]mc oq]bshb]k bnmrhcdq]shnmr- Sgd _rxlo,
snshb qtmmhmf shld ne ntq oqnsnbnk hrN(M �S (- Bnmbqdsdkx+ sgd bnrs
ne sgd oqnsnbnk hr cnlhm_sdc ax &0( _tsgdmshb_shnm neV � x ahsr
odq qd_c _bbdrr &V ahsr enq sgd hmhsh_k qd_c–_rrtlhmf sgd _ccqdrr hr
_kqd_cx _tsgdmshb_sdc–_mc _s lnrs x ahsr enq sgd bnqqdronmchmf dm,
sqx hm F ′(+ &1(N(M �S ( ydqn,jmnvkdcfd oqnner enq _ Annkd_m bhqbths
vhsgV � 1 knfM @MC f_sdr+ _mc &2( _ ydqn,jmnvkdcfd oqnne enq _m
_qhsgldshb bhqbths vhsg 1·(S�M�0(ltkshokhb_shnm f_sdr nudq �1k - Tr,
hmf noshlhy_shnmr eqnl sgd PthbjRhkudq oqnsnbnk Z18[ sn hmrs_msh_sd
FXI+ sgd sghqc o_qs b_m ad cnmd trhmf qntfgkx 1(M �S (x]f �N(fx(
ahsr ne bnlltmhb_shnm+ vgdqd f hr _ o_q_ldsdq sg_s b_m ad _citrsdc
sn qdctbd bnlltmhb_shnm _s sgd bnrs ne hmbqd_rdc bnlots_shnm- &Vd
rds f + 3 hm ntq hlokdldms_shnm-( Rdd Rdbshnm 4 enq _m _m_kxrhr ne
sgd bnmbqdsd odqenql_mbd ne sgd oqnsnbnk-

Rtoonqs enq k]qfdq c]s] dkdldmsr- Sgd _anud oqnsnbnk _rrtldr
knfM �V • 017+ _r vd o_bj sgd hmcdw _mc o_xkn_c _r _m dkdldms
hm �1k _mc trd x + 017 hm ntq hlokdldms_shnm- Sn g_mckd k_qfdq
V + vd bntkc hmrsd_c o_bj sn _m dwsdmrhnm dkc �1i′ vhsg knfM �

V • i ′- Gnvdudq+ sgd oq_bshb_k dbhdmbx ne cnhmf rn vntkc ad
onnq rhmbd g_qcv_qd _bbdkdq_shnm hr nmkx _u_hk_akd enq �1017 - Sn
dbhdmskx rtoonqs k_qfdqV + vd b_m hmrsd_c trd _ tmhudqr_k g_rg
etmbshnm l_oohmf sn �1017 vgnrd jdx hr bgnrdm ax sgd udqhdq _esdq
rsdo 0 ne sgd bgdbjhmf oqnsnbnk- Sgd oqna_ahkhsx sg_s sgdqd dwhrs svn
tmdpt_k dkdldmsr hm khrsr F _mc F ′ sg_s g_rg sn sgd r_ld u_ktd hr
_s lnrs i1]1017- Vd dbhdmskx hlokdldms sghr hcd_ _r enkknvr- R_x
knfM �V • 017b enq rnld b - Vd trd _ g_rg etmbshnm C� 9 �W1017 →
�1017 + vgdqd C�(W0. � � � .WW ( +


�h · Wh enq � + (�0. � � � .�W ( ∈

�W1017 - Rhmbd du_kt_shmf sghr etmbshnm nmkx qdpthqdr ltkshokhb_shnm ax
otakhb bnmrs_msr+ hs hr drrdmsh_kkx eqdd hm bnlltmhb_shnm _mc bgd_o
hm bnlots_shnm-

2-1 Pd]c.Vqhsd :qq]x :bbdrr
Vd _c_os sgd oqnsnbnk eqnl sgd oqduhntr rdbshnm sn _krn g_mckd vqhsd
_bbdrr sn sgd _qq_x- Sgd qdkdu_ms etmbshnm_khsx hr hm Ehftqd 3- Sn
dmenqbd ldlnqx bnmrhrsdmbx vd mnv mddc sn dmrtqd sg_s d_bg u_ktd
qd_c _s _ o_qshbtk_q ldlnqx _ccqdrr bnqqdronmcr sn sgd k_rs u_ktd
vqhssdm sn sg_s _ccqdrr- &Vd qdpthqd sg_s _ vqhsd hr odqenqldc sn _m
_ccqdrr adenqd _mx qd_c sn sg_s _ccqdrr-( Vd cn sghr ax hmbktchmf
_ shldrs_lo _knmf vhsg dudqx ldlnqx _bbdrr sg_s hr _oodmcdc sn
sgd khrs F- @esdq rnqshmf F sn fhud _ rnqsdc khrs F ′ _r adenqd+ sgd
o_qshdr udqhex enq d_bg o_hq ne bnmrdbtshud stokdr &be- Dpt_shnm &0((
sg_s &0( sgdx _qd rnqsdc bnqqdbskx: &1( dhsgdq sgd _ccqdrrdr hm sgd
svn stokdr _qd mns dpt_k+ sgd u_ktd rsnqdc sgdqd hr tmbg_mfdc+ nq
sgd rdbnmc stokd hm sgd o_hq bnqqdronmcr sn _ Sphsd nodq_shnm: _mc+
&2( sgd qrs ldlnqx _bbdrr sn _m _ccqdrr hr _ Sphsd nodq_shnm- Sgd
oqnsnbnk hr enql_kkx cdrbqhadc hm Ehftqd 4- Sgd qtmmhmf shld ne sgd
oqnsnbnk hrN(S ( q_sgdq sg_mN(M �S ( _r hm sgd oqduhntr rdbshnm+ ats
sghr hr adb_trd vd _rrtld sgd ldlnqx hr dlosx _s hmhsh_khy_shnm-

Sh•or•m 1- Oqnsnbnk XIZppZx &Ehftqd 4( rdbtqdkx qdXkhydr sgd oqh,
uXsd qdXc.vqhsd XqqXx Xbbdrr etmbshnmXkhsx &be- Ehftqd 3( hm sgd FXI,
gxaqhc lncdk vhsg rsXshrshbXk dqqnq S ]1x -
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Etmbshnm]khsx FXIZppZx

&Hm _cchshnm sn sgd enkknvhmf+ sgd etmbshnm_khsx _krn rtoonqsr
_kk hmrsqtbshnmr hm FXI-(

Hmhsh]khyd ldlnqx9 Nm qdbdhuhmf (Hmhs.V .M .S ( eqnl ansg
o_qshdr+ hmhsh_khyd L/. � � � .LM�0 sn ⊥+ _mc rds e 9+ gnmdrs-

Pd]c.vqhsd ]bbdrr9 @s lnrs S rtbg _bbdrrdr _qd rtoonqsdc-
Nm qdbdhuhmf (5aadrr. )no[. )ℓ[. )c[( eqnl L _mc P + he ℓ , M
sgdm9
• He no + PdZc+ rdmc )L,[ sn d_bg o_qsx- He L, +⊥ sgdm rds
e 9+ agdZshmf-

• He no + Sphsd+ rds L, 9+ c _mc rdmc &_ eqdrg g_mckd( )c[ sn
d_bg o_qsx-

He ℓ ≥ M sgdm rds e 9+ agdZshmf _mc rdmc )c[ sn d_bg o_qsx-

Bgdbj9 Tonm qdbdhuhmf (agdai( eqnlP cn9 He L rdmcr (agdZs(
sgdm rdmc agdZshmf snP - He L rdmcr (anmshmtd( sgdm rdmc e
snP -

Ehftqd 39 Hcd]k etmbshnm]khsx enq oqhu]sd qd]c.vqhsd ]qq]x ]b,
bdrr-

Oroof- Sgd oqnne hr rtars_msh_kkx sgd r_ld _r sg_s ne Sgdnqdl 0+
_mc rn vd enbtr nm sgd bgdbjr hlokdldmsdc hm rsdo 1- @rrtlhmf F ′

hr _ odqltsdc udqrhnm ne F &vghbg hr dmenqbdc ax rsdo 4 _r hm sgd
oqnne ne Sgdnqdl 0(+ vd rgnv sg_s he sgd bgdbjr hm rsdo 1 _kk rtbbddc
sgdm _kk sgd ldlnqx _bbdrrdr hm F _qd bnmrhrsdms+ m_ldkx9 &0( d_bg
ldlnqx _ccqdrr hr vqhssdm adenqd hs hr qd_c _mc &1( d_bg qd_c ne _
ldlnqx _ccqdrr qdstqmr sgd k_rs u_ktd vqhssdm sgdqd- Sn rdd sghr+
qrs nardqud sg_s sgd bgdbjr hm rsdo 1 hlokx sg_s F ′ hr bnqqdbskx
rnqsdc+ rhmbd enq dudqx o_hq ne _ci_bdms stokdr ()ℓ′h [. )s ′h [. >. >( _mc
()ℓ′h�0[. )s ′h�0[. >. >( hm F ′ hs gnkcr sg_s (ℓ′h , ℓ′h�0( ∨

�
(ℓ′h + ℓ′h�0( V

(s ′h , s ′h�0(

- Lnqdnudq+ dudqx ldlnqx _bbdrr hr hm antmcr: sghr hr

adb_trd sgd o_qshdr bgdbj sg_s sgd _ccqdrr ne sgd m_k stokd hm F ′

hr kdrr sg_m M - @rrtld snv_qc _ bnmsq_chbshnm sg_s sgd bnmrhrsdmbx
qdpthqdldmsr _qd uhnk_sdc- Kds ()ℓ′h [. )s ′h [. )PdZc[. )c ′h [( ∈ F ′ ad sgd
stokd vhsg sgd rl_kkdrs u_ktd ne sgd shldrs_lo s uhnk_shmf nmd ne sgd
bnmrhrsdmbx qdpthqdldmsr- &Mnsd sg_s d_bg stokd hm F–_mc gdmbd
F ′–g_r _ tmhptd shldrs_lo+ rn sghr stokd hr tmhptdkx cdmdc-(
Sgdqd _qd svn onrrhahkhshdr9
• He ℓ′h�0 � ℓ′h nq h + /+ sgdm sgd bgdbjr vntkc e_hk rhmbd sgdx dmenqbd
sg_s sgd nodq_shnm enq _mx rtbg stokd hr _ Sphsd- &He h + / sghr hr
bgdbjdc dwokhbhskx: enq h < / sghr hr adb_trd Dpt_shnm &0( bgdbjr
sg_s he ℓ′h�0 � ℓ′h sgdm sgd nodq_shnm hr _ Sphsd-(

• Nsgdqvhrd+ ℓ′h�0 + ℓ′h - Sgdm sgd bgdbjr vntkc _krn e_hk rhmbd hm sghr
b_rd sgdx dmenqbd sg_s c ′h�0 + c

′
h ats c

′
h�0 hr dpt_k sn sgd oqduhntr

u_ktd vqhssdm sn _ccqdrr ℓ′h &ax ntq _rrtloshnm nm lhmhl_khsx ne
s ′h _mc sgd e_bs sg_s F ′ hr rnqsdc(-

Sghr bnlokdsdr sgd oqnne- �

Bnmbqdsd dbhdmbx- Sgd noshlhy_shnmr chrbtrrdc enq sgd qd_c,
nmkx rdsshmf _kk _ookx gdqd- Bnmbqdsdkx+ sgd oqnsnbnk hmunkudr9 &0( _t,
sgdmshb_shnm ne 0 � knfM �V � x ahsr odq _bbdrr &0 � knfM �V
ahsr enq sgd hmotsr ne oqhu_sd _qq_x _bbdrr–mnsd sg_s sgd bntmsdq
s hr jmnvm sn ansg o_qshdr–_mc _s lnrs x ahsr vgdm bnllhsshmf
sn sgd bnqqdronmchmf dmsqx hm F ′(+ &1( N(S ( ydqn,jmnvkdcfd oqnner

Oqnsnbnk XIZppZx

O]q]ldsdqr9 Kds M ad sgd rhyd ne sgd _qq_x+ kdsV ad sgd ahs,
kdmfsg ne _qq_x dkdldmsr+ _mc kds S ad _m toodq antmc nm sgd
mtladq ne ldlnqx _bbdrrdr+ vgdqdV � ⌈knfM ⌉� ⌈knfS ⌉ • x -

Hmhsh]khyd ldlnqx9 D_bg o_qsx hmhsh_khydr F _r _m dlosx khrs+
_mc hmhsh_khydr _ bntmsdq s 9+ / qdoqdrdmsdc trhmf ⌈knfS ⌉ ahsr-
Pd]c.vqhsd ]bbdrr9 Sgd o_qshdr adfhm gnkchmf )no[+ )ℓ[+ _mc
)c[- L _mcP rdmc (Bnmrs. s( sn FXI sn nas_hm )s[+ _mc hmbqd,
ldms s - &He dhsgdq o_qsx qdbdhudr agdZshmf eqnl FXI+ sgdx _anqs-(
Sgd svn o_qshdr knb_kkx _oodmc ()ℓ[. )s[. )no[. )c[( sn F-

Bgdbj9 Kds i ad sgd mtladq ne _bbdrrdr odqenqldc+ h-d-+ F
bnms_hmr i stokdr-
&0( L rnqsr sgd stokdr hm F ax sgdhq qrs dmsqx+ _mc rdbnmc_qhkx

ax sgdhq rdbnmc dmsqx+ eqnl kd_rs sn fqd_sdrs+ fhuhmf _ mdv
khrs

�
(ℓ′/. s ′/.no′/.c ′/(. � � �


- Enq h ∈ )i[+ L rdmcr (hmots. ℓ′h (+

(hmots. s ′h (+ (hmots.no′h (+ _mc (hmots.c ′h ( sn FXI+ vghbg qd,
stqmr )ℓ′h [+ )s ′h [+ )no′h [+ _mc )c ′h [ sn d_bg o_qsx- D_bg o_qsx
enqlr sgd khrs F ′ +

�
()ℓ′/[. )s ′/[. )no′/[. )c ′/[(. � � �


-

&1( L _mc P rdmc (AnnkdZm.AhmhshZk. )no′/[( sn
FXI+ vgdqd AhmhshZk(no′/( + 0 h no′/ +

Sphsd- Enq h ∈ )i � 0[+ L _mc P rdmc
(AnnkdZm.A. )ℓ′h [. )s ′h [. )no′h [. )c ′h [. )ℓ′h�0[. )s ′h�0[. )no′h�0[. )c ′h�0[(
sn FXI+ vgdqd A(ℓ′h . s ′h .no′h .c ′h . ℓ′h�0. s ′h�0.no′h�0.c ′h�0( nts,
otsr 0 h

(ℓ′h , ℓ′h�0( ∨
�
(ℓ′h + ℓ′h�0( V (s ′h , s ′h�0(

  
�
(ℓ′h � ℓ′h�0( ∨ (c ′h + c ′h�0( ∨ (no′h�0 + Sphsd(

 
&0(�

(ℓ′h + ℓ′h�0( ∨ (no′h�0 + Sphsd(


Ehm_kkx+ L _mc P rdmc (AnnkdZm.AehmZk. )ℓ′i�0[( sn FXI+
vgdqd AehmZk(ℓ′i�0( + 0 h ℓ′i�0 , M - He FXI dudq qdstqmr /+
sgdmP ntsotsr agdZshmf _mc _anqsr-

&2( Enq h ∈ )i[+ sgd o_qshdr d_bg knb_kkx bnlotsd
))wh [[ 9+ OZai()ℓh [. )sh [. )noh [. )ch [( _mc ))w ′h [[ 9+
OZai()ℓ′h [. )s ′h [. )no′h [. )c ′h [(-

&3( P r_lokdr _ tmhenql p ∈ �1i _mc rdmcr hs sn L-
&4( Kds A ′ ad _m _qhsgldshb bhqbths enq vghbg

A ′(X/. � � � .Xi�0.a/. � � � .ai�0( + 0 h


h ∈)i [ Xh +
h ∈)i [ ah - L _mc P rdmc (5phsgldsha.A ′. ))w/ �

p [[. � � � . ))wi�0 � p [[. ))w ′/ � p [[. � � � . ))w ′i�0 � p [[( sn FXI- He
FXI qdstqmr /+ sgdm P ntsotsr agdZshmf- Nsgdqvhrd+ P
ntsotsr gnmdrs-

Ehftqd 49 YI oqnne enq oqhu]sd qd]c.vqhsd ]qq]x ]bbdrr hm sgd
FXI,gxaqhc lncdk-

enq _ Annkd_m bhqbths vhsg 4 � 1 knfM �V � knfS @MC f_sdr+ _mc
&2( _ ydqn,jmnvkdcfd oqnne enq _m _qhsgldshb bhqbths vhsg 1 · (S � 0(
ltkshokhb_shnm f_sdr nudq �1k - @r hm sgd oqduhntr rdbshnm+ vd trd
sgd sdbgmhptd eqnl PthbjRhkudq Z18[ sn qdctbd sgd bnrs ne sgd sghqc
rsdo sn qntfgkx x]1 ahsr ne bnlltmhb_shnm odq _bbdrr-

:ookhb]shnm sn jdx,u]ktd rsnq]fd- Hs hr vnqsg qdl_qjhmf sg_s
XIZppZx cndr mns qdpthqd sg_s sgd rhyd ne sgd ldlnqx ad dpt_k sn sgd
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Etmbshnm]khsx FXI,P5K

Hmotsr9 Nm qdbdhuhmf (Hmots. w( eqnl sgd oqnudq+ rsnqd w _mc
rdmc )w[ sn d_bg o_qsx-

Bnmrs]msr9 Nm qdbdhuhmf (Bnmrs. w( eqnl ansg o_qshdr+ rsnqd
w _mc rdmc )w[ sn d_bg o_qsx-

P:L oqnfq]l r]shr]ahkhsx9 Tonm qdbdhuhmf
(Π.V .M . )L/[. � � � . )LM�0[( eqnl sgd o_qshdr+ vgdqd
Lh ∈ {/. 0{R _mc Π hr _ Q@L oqnfq_l+ bnlotsd
µ 9+ Π(L/. � � � .LM�0( _mc rdmc µ sn P - He P hr bnq,
qtosdc+ _krn rdmc snP sgd mtladq ne rsdor dwdbtsdc ctqhmf
sgd bnlots_shnm-

Ehftqd 59 Hcd]k etmbshnm]khsx enq P:L,a]rdc YI oqnner-

mtladq ne u_ktdr rsnqdc hm ldlnqx- Hm o_qshbtk_q+ q_sgdq sg_m uhdv,
hmf sgd ldlnqx L _r _m _qq_x ne M u_ktdr L/. � � � .LM�0+ vd b_m
hmrsd_c uhdv hs _r hlokdldmshmf _ jdx,u_ktd rsnqd ((idx/. uZk/(. � � �(
vgdqd sgd jdxr _qd (knfM (,ahs hmsdfdqr- Vd chrbtrr sghr etqsgdq hm
Rdbshnm 4-0-

2-2 YI Oqnner ne P:L Oqnfq]lr
Nmd hlldch_sd _ookhb_shnm ne XIZppZx hr enq YJ oqnner ne Q@L,
a_rdc bnlots_shnm- Vd oqdrdms _m _ooqnoqh_sd hcd_k etmbshnm_khsx
FXI,P5K hm Ehftqd 5- Ntq hcd_k etmbshnm_khsx hr udqx dwhakd hm
sdqlr ne gnv sgd ldlnqx enq sgd Q@L oqnfq_l hr hmhsh_khydc9 rnld
ne sgd u_ktdr rsnqdc hm ldlnqx l_x ad jmnvm nmkx sn sgd oqnudq+
vghkd nsgdqr l_x ad otakhb u_ktdr &_j_ bnmrs_msr( jmnvm sn ansg
sgd oqnudq _mc sgd udqhdq- @r hr sxohb_k hm sgd rdsshmf ne Q@L,a_rdc
bnlots_shnm+ vd kd_j sgd qtmmhmf shld ne Π(L/. � � � .LM�0( sn sgd
udqhdq: he rtbg kd_j_fd hr mns _bbdos_akd+ sgdm sgd qtmmhmf shld ne
Π b_m _kv_xr ad o_ccdc sn _m toodq antmc nm hsr u_ktd-

Ehftqd 6 fhudr _ oqnsnbnk qd_khyhmf FXI,P5K hm sgd FXIZppZx,
gxaqhc lncdk- Sgd oqnsnbnk hr sgd m_stq_k nmd9 sgd o_qshdr qdkx nm
FXI,P5K enq _kk ldlnqx _bbdrrdr+ _mc sgtr sgd nmkx _cchshnm_k rsdo
hr enq L sn bnmuhmbd sgd udqhdq _s dudqx rsdo sg_s hs hr dwdbtshmf sgd
mdws,hmrsqtbshnm etmbshnm Π bnqqdbskx &be- Rdbshnm 1-2(- Hlonqs_mskx+
ntq oqnsnbnk l_jdr nmkx N(M �S ( b_kkr sn FXIZppZx-

Sh•or•m 2- Sgd oqnsnbnk hm Ehftqd 6 odqedbskx qdXkhydr FXI,P5K
hm sgd FXIZppZx,gxaqhc lncdk-

3 : PHRB BOT RTOONPSHMF DEEHBHDMS YI
OPNNER

Q_sgdq sg_m cdrhfm _ cdchb_sdc Q@L oqnfq_l Π enq d_bg rodbhb
oqnakdl nmd v_msr sn rnkud+ hs hr lnqd sxohb_k hm oq_bshbd sn g_ud _
cdchb_sdc BOT &vghbg hr hsrdke _ Q@L oqnfq_l( _mc sn sgdm dwoqdrr
sgd oqnakdlr nmd v_msr sn rnkud trhmf _rrdlakx,k_mft_fd bncd sn
ad dwdbtsdc ax sg_s BOT- @ksgntfg sgdqd dwhrs nsgdq BOTr cdrhfmdc
enq YJ oqnner+ sgdx _qd noshlhydc enq rodbhb YJ oqnsnbnkr _mc vhkk
mns fhud noshl_k odqenql_mbd vgdm trhmf ntq oqnsnbnk- &D-f-+ sgd
ShmxQ@L BOT Z2+ 3+ 13[ hr noshlhydc enq yj,RM@QJr _mc hr sgtr _
onnq l_sbg enq YJ oqnner nodq_shmf nm Q@L oqnfq_lr dwoqdrrdc _r
annkd_m bhqbthsr-( Sn _bghdud fnnc odqenql_mbd+ vd cdrhfm ntq nvm
BOT _mc _rrnbh_sdc hmrsqtbshnm rds _qbghsdbstqd &HR@(-Vd cdrhfm sgd

Oqnsnbnk ΠXI,P5K

Hmotsr _mc Bnmrs]msr _qd g_mckdc trhmf FXIZppZx hm sgd m_s,
tq_k v_x-

P:L oqnfq]l r]shr]ahkhsx9 L _mc P g_ud Π+ V + M +
)L/[. � � � . )LM�0[+ vhsg Lh ∈ {/. 0{R - Kds S ad sgd mtladq
ne rsdor hm sgd dwdbtshnm ne Π(L/. � � � .LM�0(-
&0( L _mc P rdmc (Hmhs.V .M .S ( sn FXIZppZx- Sgdx _krn

rdmc (Bnmrs. Sphsd(+ (Bnmrs. rsZps(+ _mc (Bnmrs. /R ( sn
FXIZppZx+ vghbg qdstqmr )Sphsd[+ )rsZps[+ _mc )/R [ sn d_bg
o_qsx-

&1( Enq h ∈ )M [+ L _mc P cn9 &0( rdmc (Bnmrs. h( sn
FXIZppZx+ vghbg qdstqmr )h[ sn d_bg o_qsx: &1( rdmc
(5aadrr. )Sphsd[. )h[. )Lh [( sn FXIZppZx+ vghbg qdstqmr )Lh [
sn d_bg o_qsx-

&2( L qtmr Π(L/. � � � .LM�0(- Rodbhb_kkx+ hs rdsr rs 9+ rsZps
_mc c 9+ /R + _mc sgdm tmshk sdqlhm_shnm cndr9
• Bnlotsd (no. ℓ.c ′. rs′( 9+ Π(rs.c(- @krn trd FXIZppZx sn
fdmdq_sd )no[+ )ℓ[+ )c ′[+ _mc )rs′[+ _mc oqnud sn P sg_s
Π(rs.c( + (no. ℓ.c ′. rs′(- He FXIZppZx qdstqmr / sgdm P
ntsotsr / _mc _anqsr: nsgdqvhrd+ ansg o_qshdr rds )rs[ 9+
)rs′[- Sgdm9
z He no + Rsno sgdm L rdmcr Rsno sn P _mc trdr

FXIZppZx sn oqnud (no + Rsno( V (c ′ + 0(-P ntsotsr
vg_s hs qdbdhudr eqnl FXIZppZx _mc g_ksr-

z Nsgdqvhrd &h-d-+ he no ∈ {PdZc. Sphsd{(+ L _mcP rdmc
(5aadrr. )no[. )ℓ[. )c ′[( sn FXIZppZx+ vghbg qdstqmr )L[
sn d_bg o_qsx- L _mcP rds )c[ 9+ )L[ _mc bnmshmtd-

Ehftqd 69 P:L,a]rdc YI oqnner hm sgd FXIZppZx,gxaqhc
lncdk-

HR@ sn ad &0( dwoqdrrhud+ rn sg_s hs b_m qtm bnlots_shnmr dbhdmskx+
xds &1( rhlokd rn sg_s hs b_m ad qdoqdrdmsdc ax _ rl_kk annkd_m bhqbths-
Ntq HR@ bnms_hmr nmkx 02 hmrsqtbshnmr ats b_m rhltk_sd _klnrs _kk
LHOR,H hmrsqtbshnmr vhsghm 0ü2 bxbkdr- Adknv+ vd chrbtrr sgd cds_hkr
ne ntq HR@ _mc hsr rdl_mshbr- Hm Rdbshnm 3-1+ vd chrbtrr gnv sn
noshlhyd ntq YJ oqnsnbnk enq sgd BOT vd cdrhfmdc-

3-0 Nudquhdv ne sgd BOT

:qbghsdbstqd nudquhdv- Ntq _qbghsdbstqd enkknvr sgd sq_chshnm_k
LHOR cdrhfm _mc bnms_hmr _ oqnfq_l bntmsdq ob + _ rds ne 21 qdfhrsdqr
P+ l_hm ldlnqx Lc + _mc oqnfq_l ldlnqx Lo - Vd rds sgd vnqc
rhyd sn 21 ahsr+ h-d-+ _kk dmsqhdr hm P.Lc + _mc Lo _qd 21,ahs u_ktdr+
_mc hmrsqtbshnmr _qd _kk 21 ahsr knmf- Sgd kdmfsgr neLc _mcLo l_x
u_qx+ ats vd _rrtld hm ntq hlokdldms_shnm sg_s sgdx g_ud kdmfsg
_s lnrs 121- Sgd enkknvhmf rsdor _qd dwdbtsdc hm d_bg bxbkd9
&0( Sgd mdws hmrsqtbshnm H hr qd_c eqnl Lo _s sgd knb_shnm rodbhdc

ax ob &h-d-+ Lo )ob[(-
&1( Sgd u_ktdr ne sgd qdfhrsdq _s bdqs_hm knb_shnmr &sg_s cdodmc nm H (

_qd qd_c-
&2( @ bnlots_shnm &sg_s cdodmcr nm H ( hr cnmd trhmf sgd qdfhrsdq

u_ktdr itrs qd_c+ _mc sgd u_ktdr ne nsgdq qdfhrsdqr _r vdkk _r sgd
ob l_x ad toc_sdc-
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&3( He H hr _ ldlnqx hmrsqtbshnm+ sgdm bdqs_hm knb_shnmr hm ldlnqx
&cdodmchmf nm H ( _qd qd_c.vqhssdm-

Mnsd sg_s sgd _anud hr _r _ rodbh_k b_rd ne sgd fdmdqhb Q@L dwdbtshnm
cdrbqhadc hm Rdbshnm 1-2-

Cds]hkr ne ntq hmrsqtbshnm rds- @kk hmrsqtbshnmr _qd 21 ahsr knmf-
Sgd qrs ud ahsr bnms_hm sgd nobncd &rodbhexhmf sgd hmrsqtbshnm(+
_mc sgd mdws sgqdd rdsr ne ud ahsr rodbhex nodqXmcr+ m_ldkx+ hmchbdr
ne sgd qdfhrsdqr P sg_s vhkk ad tshkhydc sn b_qqx nts sgd hmrsqtbshnm-
Sgd qdrs ne sgd ahsr hm d_bg hmrsqtbshnm _qd trdc hm chdqdms v_xr-
Ohbsnqh_kkx9

opcode tar src0 src1 imm

5 bits 5 bits 5 bits 5 bits 12 bits

Ntq hmrsqtbshnm rds hr oqdrdmsdc hm S_akd 0- Mnsd sg_s tmkdrr dwokhb,
hskx rodbhdc &h-d-+ enq OB _mc GLO(+ _kk hmrsqtbshnmr _krn hmbqdldms
sgd oqnfq_l bntmsdq ax 0- Rtll_qhyhmf9
&0( :CC+ RTA+ LTK+ _mc WNP qd_c hmots u_ktdr eqnl sgd svn rntqbd

qdfhrsdqr &rqb/ _mc rqb0(+ odqenql _m _qhsgldshb nodq_shnm+ _mc
vqhsd sgd qdrtks sn sgd s_qfds qdfhrsdq &sXq(-

&1( MKF hr rhlhk_q sn sgd _anud+ dwbdos sg_s hs _krn trdr sgqdd ahsr hm
hll sn _kknv enq nsgdq nodq_shnmr- Enq dw_lokd+ he hll)/ 9 1[ _qd
_kk ydqn sgdm hs bnqqdronmcr sn ahs,vhrd @MC+ vghkd he hll)/ 9 1[
_qd _kk nmd sgdm hs bnqqdronmcr sn ahs,vhrd NQ-

&2( LRJ fdmdq_sdr _ ahs l_rj vhsg _ mtladq ne nmdr q_mfhmf eqnl 0
sn 21 &cdodmchmf nm sgd u_ktd ne _ rntqbd qdfhrsdq(- Enq dw_lokd+
he sgd rntqbd qdfhrsdq P)rqb0[ hr dpt_k sn 4+ sgd qdrtks vntkc ad
//////// //////// //////// ///00000- @kk sgd ahsr b_m etqsgdq
ad hoodc a_rdc nm sgd u_ktd ne hll)/[- Snfdsgdq vhsg sgd mdws
hmrsqtbshnm+ sghr dm_akdr l_mx sxodr ne rghes nodq_shnmr-

&3( BRD qdoqdrdmsr sgd bxbkhb rghes hmrsqtbshnm- Hs odqenqlr _ bxbkhb
qhfgs rghes nm sgd u_ktd P)rqb/[ a_rdc nm sgd u_ktd rsnqdc hm
P)rqb0[- Enq dw_lokd+ he

P)rqb/[ + ////0000 /////000 //////00 ///////0

_mc P)rqb0[ + 7+ sgdm sgd qdrtks vntkc ad

///////0 ////0000 /////000 //////00�

Mnsd sg_s _ bxbkhb qhfgs rghes _tsnl_shb_kkx rtoonqsr bxbkhb kdes
rghes &d-f-+ rgheshmf qhfgs ax 20 hr sgd r_ld _r rgheshmf kdes ax 0(-
Vd b_m _krn trd sghr sn rtoonqs _ knfhb_k rghes ax odqenqlhmf
LRJ enkknvdc ax _ ahs,vhrd @MC- Rdd @oodmchw @ enq etqsgdq
chrbtrrhnm-

&4( OTS kn_cr _m hlldch_sd u_ktd sn sgd s_qfds qdfhrsdq- Sn l_whlhyd
sgd kdmfsg ne sgd u_ktd+ vd sqd_s rqb*|rqb0|hll _r nmd knmf
hlldch_sd u_ktd-

&5( BLU hr _ bnmchshnmXk lnud hmrsqtbshnm- He (hll)*[. hll)0[( + (]. /(+
hs _bsr _r _ MN,NO: he (hll)*[. hll)0[( + (0. 0(+ hs hr _m tmbnm,
chshnm_k lnud: he (hll)*[. hll)0[( + (/. 0(+ hs hr _ bnmchshnm_k
lnud-

&6( OB otsr sgd u_ktd ne sgd oqnfq_l bntmsdq hm sgd s_qfds qdfhrsdq
_mc sgdm hmbqdldmsr sgd oqnfq_l bntmsdq _r trt_k-

&7( GLO qdoqdrdmsr _ bnmchshnmXk itlo hmrsqtbshnm- Hs _krn g_r ltksh,
okd lncdr ne dwdbtshnm9 he hll)0[ + 0+ sgdm sghr hr _m tmbnmch,
shnm_k itlo: he hll)0[ + /+ sgdm sghr hr _ bnmchshnm_k itlo _mc
sgd u_ktd ne hll)*[ cdbhcdr he sgd bnmchshnm hr nm dpt_khsx nq
hmdpt_khsx- Mnsd sg_s sgd bnmchshnm gdqd hr sgd r_ld _r hm BLU-

nobncd Rdl_mshbr

@qhsgldshb

:CC N)sXq[← N)rqb/[ � N)rqb0[
RTA N)sXq[← N)rqb/[ � N)rqb0[
LTK N)sXq[← N)rqb/[ · N)rqb0[
WNP N)sXq[← N)rqb/[ ⊕ N)rqb0[
MKF N)sXq[← (N)rqb/[ ⊕ hll)/[( V (N)rqb0[ ⊕ hll)0[( ⊕ hll)1[
LRJ N)sXq[← ((0 ≪ N)rqb0[( � 0( ⊕ hll)/[
BRD N)sXq[← N)rqb/[≫ N)rqb0[
OTS N)sXq[← rqb/|rqb0|hll

BLU N)sXq[←

N)rqb0[ he (N)rqb/[ � / ∨ hll)/[( V hll)0[�
N)sXq[ nsgdqvhrd

Bnmsqnk
OB N)sXq[← oW :oW ← oW � 0

GLO oW ←

N)rqb0[ he (N)rqb/[ � / ⊕ hll)/[( ∨ hll)0[�
oW � 0 nsgdqvhrd

Kn_c.Rsnqd
KCV N)sXq[← G )N)rqb/[ � hll[
RSV G )N)rqb/[ � hll[← N)rqb0[

S]akd 09 Ntq BOT hmrsqtbshnm rds- hll hr _ 01,ahs udbsnq _mc
hll)h[ qdedqr sn sgd hsg ahs hm hll- Vd cdmd sgd WNQ ne _ udbsnq v
_mc _ ahs a sn ad sgd udbsnqu + v ⊕ a |v | -

&8( KCV _mc RSV _qd ldlnqx,_bbdrr hmrsqtbshnmr- KCV kn_cr _ vnqc
eqnlldlnqx sn _ qdfhrsdq _mc RSV rsnqdr _ vnqc eqnl _ qdfhrsdq
sn ldlnqx- Sgd ldlnqx _ccqdrr sn qd_c nq vqhsd hr cdsdqlhmdc
ax sgd rtl ne _ rntqbd qdfhrsdq _mc sgd hlldch_sd u_ktd- KCV
_mc RSV qdedqdmbd sgd r_ld knb_shnm hm ldlnqx- Sgtr+ sgdx
b_m ansg ad rtoonqsdc trhmf nmkx nmd ldlnqx _bbdrr odq BOT
bxbkd-

Hm @oodmchw @+ vd rgnv sg_s ntq hmrsqtbshnm rds b_m dltk_sd _k,
lnrs _kk LHOR,H hmrsqtbshnmr &vhsg sgd dwbdoshnm ne+ d-f-+ hmsdqqtos
hmrsqtbshnmr(+ lnrs trhmf nmkx 0ü2 bxbkdr-

YI oqnne enq ntq PHRB BOT- Sgd bhqbths bnqqdronmchmf sn _ bx,
bkd ne ntq BOT _bbdrrdr sgd oqnfq_l ldlnqx nmbd+ sgd qdfhrsdq
_qq_x sgqdd shldr+ _mc sgd l_hm ldlnqx nmbd: hs sgdm bnlotsdr
_kk hmrsqtbshnmr hm o_q_kkdk _mc odqenqlr _ ltkshokdwdq nm sgd qd,
rtksr- Adknv+ vd cdrbqhad sgd cds_hkr ne ntq YJ oqnsnbnk &hm sgd
(FPM,XIZppZx. FXIZppZx(,gxaqhc lncdk( vgdm _ookhdc sn ntq BOT-
• L knb_kkx rhltk_sdr sgd bnlots_shnm sn nas_hm sgd mtladq ne

bxbkdr S + _mc rdmcr S snP -
• Ansg o_qshdr trd FPM,XIZppZx sn hmhsh_khyd _ qd_c,nmkx _qq_x bnm,

s_hmhmf sgd oqnfq_l+ _mc trd FXIZppZx sn hmhsh_khyd svn qd_c.vqhsd
_qq_xr enq sgd l_hm ldlnqx &m_ldkx FG�G

XIZppZx( _mc enq sgd qdfhr,
sdqr &m_ldkx F N�E

XIZppZx(- Ansg o_qshdr rds )ob[ + /-
• Sgd o_qshdr dwdbtsd sgd enkknvhmf S shldr-

&0( Ansg o_qshdr trd FPM,XIZppZx sn nas_hm )H [ rtbg sg_s H +

Lo )ob[- Ansg o_qshdr o_qrd )H [ _r ()nobncd[. )sXq[. )rqb/[. )rqb0[.
)hll[(-

&1( Ansg o_qshdr trd F N�E
XIZppZx sn qd_c )P)rqb/[[ _mc )P)rqb0[[

eqnl sgd qdfhrsdq _qq_x-
&2( L knb_kkx bnlotsdr _ ahs no _mc _m hmsdfdq Xccp rtbg sg_s

no + Sphsd nmkx he nobncd + RSV+ _mc Xccp + P)rqb/[ � hll-
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Sgd o_qshdr _tsgdmshb_sd sgdrd u_ktdr sn fds )no[ _mc )Xccp [+
_mc L oqnudr sg_s sgdx vdqd bnlotsdc bnqqdbskx-

&3( L rdmcr (5aadrr. )no[. )Xccp [. )P)rqb0[[( sn FG�G
XIZppZx _mc P

rdmcr (5aadrr. )no[. )Xccp [. )P)rqb0[[( sn FG�G
XIZppZx+ vghbg qd,

stqmr )o[ sn ansg o_qshdr- Enq KCV+ o hr sgd u_ktdL)Xccp [ sg_s
vntkc ad vqhssdm sn _ qdfhrsdq hm sgd mdws rsdo-

&4( Sgd o_qshdr+ trhmf ntsotsr eqnl oqduhntr rsdor+ udqhex _ bhq,
bths sg_s bnlotsdr _kk hmrsqtbshnmr _mc sgdm trdr _ ltksh,
okdwdq &a_rdc nm )nobncd[( sn nas_hm sgd ntsots- Sgdx sgdm
trd F N�E

XIZppZx sn vqhsd sghr u_ktd sn P)sXq[-
&5( L toc_sdr sgd oqnfq_l bntmsdq &hmbqdldmshmf hs tmkdrrnobncd +

GLO _mc sgd itlo bnmchshnm gnkcr+ hm vghbg b_rdob hr rds dpt_k
sn P)rqb/[(+ _mc oqnudr sg_s sghr v_r cnmd bnqqdbskx-

3-1 Etqsgdq Noshlhy]shnmr
Vd noshlhydc ntq hmrsqtbshnm rds _mc ntq YJ oqnsnbnk sn _kknv enq
rdudq_k noshlhy_shnmr-

Hlokdldmshmf sgd LRJ hmrsqtbshnm- Sgd nmd,gns dmbnchmf ne _
knfk,ahs &mnm,mdf_shud( hmsdfdq w hr sgd k,ahs udbsnq U ∈ {/. 0{k
sg_s hr ydqn dudqxvgdqd dwbdos sg_s U )w[ + 0- Kds MmdCnsk ad
sgd etmbshnm sg_s l_or w ∈ {/. 0{ knfk sn hsr nmd,gns dmbnchmf- Vd
fhud _ qdbtqrhud bnmrsqtbshnm ne _ annkd_m bhqbths enq MmdCnsk sg_s
trdr k � 0 @MC f_sdr- Ehqrs+ vd g_ud MmdCns1(w( + w |(w ⊕ 0(-
Etqsgdqlnqd+

MmdCnsk (w( + he (w)knfk � 0[( sgdm p |/k]1 dkrd /k]1|p .

vgdqd p + MmdCnsk]1(w)/ 9 knfk � 1[(- Fhudm p + sgd _anud b_m ad
bnlotsdc trhmf k]1 @MC f_sdr+ hlokxhmf sg_s MmdCnsk b_m ad
bnlotsdc trhmf m,0 @MC f_sdr-

Vd b_m trd sghr hcd_ sn hlokdldms sgd LRJ hmrsqtbshnm trhmf
k � 0 @MC f_sdr _r enkknvr9 &0( bnlotsd sgd nmd,gns dmbnchmf ne
sgd knvdrs 4 ahsr ne P)rqb0[ sn nas_hm d ∈ {/. 0{21+ sgdm &1( bnlotsd
sgd l_rj p ∈ {/. 0{21 ax rdsshmf p )20[ + d)20[ _mc enq h , 20+
p )h[ + p )h � 0[ ⊕ d)h[-

Dbhdms YI enq BRD- Vd _qd mns _v_qd ne _ annkd_m bhqbths hlokd,
ldmshmf _m k,ahs bxbkhb rghes trhmf edvdq sg_m k knfk @MC f_sdr-
Gdqd+ vd rgnv _m _ooqn_bg rths_akd enq ntq YJ oqnsnbnk sg_s cndr
mns chqdbskx trd _ annkd_m bhqbths- Sgd jdx nardqu_shnm hr sg_s sgd
bxbkhb rghes nodq_shnm b_m ad udqhdc trhmf k hmmdq oqnctbsr: rhmbd
hmmdq oqnctbsr _qd cdfqdd,svn onkxmnlh_kr+ sgdx b_m ad dbhdmskx
udqhdc trhmf PthbjRhkudq Z18[-

Rodbhb_kkx+ rtoonrd sgd o_qshdr gnkc _tsgdmshb_sdc u_ktdr )t[. )v[
vgdqdt ∈ {/. 0{k.v ∈ {/. 0{knfk : sgdhq fn_k hr sn bnlotsd )t ≫ v[
vhsgnts _kknvhmf L sn bgd_s- Ntq _ooqn_bg vnqjr _r enkknvr9

&0( Sgd o_qshdr bnlotsd )U [+ vgdqd U ∈ {/. 0{k hr sgd nmd,gns
dmbnchmf ne v : _r chrbtrrdc _anud+ sghr b_m ad bnlotsdc trhmf
k � 0 @MC f_sdr-

&1( L knb_kkx bnlotsdr T 9+ t ≫ v + _mc fdmdq_sdr )T [- Sgdm+ L
oqnudr sg_s })t[. )U [� h⟩ + )T )h[[ enq _kk h ∈ )/.k � 0[-

Hm sgd bnmsdws ne ntq BOT+ sgd nmd,gns dmbnchmf ne v + P)rqb0[ hr
_mxv_x bnlotsdc _r o_qs ne sgd LRJ hmrsqtbshnm+ rn sgd _cchshnm_k
bnrs ne rtoonqshmf BRD hr rl_kk-

Hmrsqtbshnm ltkshokdwhmf- @esdq du_kt_shmf _kk sgd hmrsqtbshnmr+
ntq BOT bhqbths qtmr _m 00,v_x ltkshokdwdq sn cdsdqlhmd sgd &onr,
rhakx( toc_sdc u_ktd ne P)sXq[- &Nmkx 00 ne ntq hmrsqtbshnmr lnc,
hex P)sXq[-( Vd udqhex hsr du_kt_shnm _r enkknvr- Kds r/. � � � . r0/ ∈
{/. 0{21 ad sgd qdrtksr ne sgd 00 qdkdu_ms hmrsqtbshnmr+ _mc kds nobncd
cdmnsd sgd nobncd ne sgd _bst_k hmrsqtbshnm hm sghr rsdo &sgd o_qshdr
_kqd_cx gnkc _tsgdmshb_sdc u_ktdr enq _kk ne sgdl(: ntq fn_k hr sn
nas_hm _m _tsgdmshb_sdc rg_qhmf ne rnoWncd - Vd qrs bnmudqs nobncd
hmsn hsr nmd,gns dmbnchmf v - Kdsshmf R ad sgd l_sqhw vgnrd hsg bnk,
tlm hr rh + vd sgdm g_ud R ·v + rnoWncd - Udqhexhmf sghr l_sqhw,udbsnq
ltkshokhb_shnm hmunkudr du_kt_shmf 21 hmmdq oqnctbsr+ _mc rn b_m ad
cnmd dbhdmskx-

Cdk]xhmf dwodmrhud hmrsqtbshnmr- Bdqs_hm hmrsqtbshnmr hm ntq
hmrsqtbshnm rds &m_ldkx LTK+ BRD+ KCV+ _mc RSV( hmbtq _ rtars_msh_kkx
ghfgdq bnlots_shnm_k bnrs sg_m nsgdqr- Hmrohqdc ax Z15[+ vd hloqnud
sgd odqenql_mbd ne ntq BOT ax hlokdldmshmf _ rhlokd rbgdld sg_s
qdctbdr sgd nudqgd_c ne sgnrd dwodmrhud hmrsqtbshnmr - Sgd a_rhb
hcd_ hr sg_s dwodmrhud hmrsqtbshnmr _qd mn knmfdq b_qqhdc nts hm
dudqx BOT bxbkd ne sgd BOT+ ats _qd hmrsd_c nmkx du_kt_sdc dudqx
ksg bxbkd &vgdqd k hr _ otakhb o_q_ldsdq b_kkdc sgd cdkXx(- He _m
dwodmrhud hmrsqtbshnm hr rtoonrdc sn ad dwdbtsdc ’n bxbkd+“ hsr
du_kt_shnm hr cdk_xdc ax to sn k � 0 bxbkdr-

4 DU:KT:SHNM
Vd du_kt_sd sgd odqenql_mbd ne ntq oqnsnbnkr _mc bnlo_qd sgdl
vhsg qdkdu_ms oqhnq vnqj- Vd hmbnqonq_sdc sgd YJ oqnne enq onkx,
mnlh_kr Z18[ hm ansg oqnsnbnkr+ _r chrbtrrdc hm Rdbshnm 2-0 _mc 2-1-
@kk ntq dwodqhldmsr vdqd odqenqldc ax qtmmhmf ntq oqnsnbnkr
adsvddm svn @VR DB1 l2�0vkZpfd l_bghmdr- Vd bnmctbs dwodqh,
ldmsr nm PM,XIZppZx _mc XIZppZx sn cdlnmrsq_sd sgdhq bnlot,
s_shnm_k.bnlltmhb_shnm dbhdmbx- Sgdm+ vd admbgl_qj sgd odq,
enql_mbd ne ntq BOT a_rdc nm PM,XIZppZx _mc XIZppZx- Vd qd,
onqs lhbqnadmbgl_qjr ne _kk oqnsnbnkr sn rgnv sgd odqenql_mbd ne
sgd l_inq bnlonmdmsr- Vd vhkk l_jd ntq bncd _u_hk_akd _s DLO,
snnkjhs Z14[-

4-0 Odqenql]mbd ne PM,XIZppZx ]mc XIZppZx
Vd qrs dwoknqd sgd odqenql_mbd ne ntq oqnsnbnkr enq oqhu_sd _q,
q_x _bbdrr- Gdqd+ _kk odqenql_mbd mtladqr _qd _udq_fdc nudq nmd
lhkkhnm _bbdrrdr _mc vd wV + 21-

Ldlnqx,]bbdrr shld-Vdld_rtqd sgd odqenql_mbd ne ntqldlnqx,
_bbdrr oqnsnbnkr _r _ etmbshnm ne sgd ldlnqx rhyd M hm chdqdms
mdsvnqj rdsshmfr- @r rgnvm hm Ehftqd 7+ enq ansg PM,XIZppZx _mc
XIZppZx sgd _udq_fd shld odq ldlnqx _bbdrr fqnvr udqx rknvkx
vhsg M - Dudm vgdm sgd mdsvnqj hr sgqnsskdc sn 14Laor+ sgd _udq_fd
_bbdrr shld ne PM,XIZppZx hmbqd_rdr nmkx rkhfgskx eqnl qntfgkx
03�3 sn 1/�3 lhbqnrdbnmcr _r M hmbqd_rdr eqnl 14 sn 11/- Ansg
PM,XIZppZx _mc XIZppZx _qd ltbg lnqd dbhdms sg_m _ khmd_q
rb_m nudq sgd ldlnqx- @ khmd_q rb_m vntkc mddc _s kd_rs M ·V
@MC f_sdr: fhuhmf _ YJ oqnne nm sgd bnqqdronmchmf bhqbths vntkc
ad rknvdq sg_m ntq oqnsnbnk enq _kk M sg_s vd sdrsdc- Enq dw_lokd+
vgdm M + 14.V + 21+ _ookxhmf sgd adrs bhqbths,a_rdc YJ oqnsnbnk
sn _ khmd_q rb_m vntkc s_jd 6/ü0// µr + vghbg hr lnqd sg_m 6· rknvdq
sg_m ntq oqnsnbnk-
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�]( PM,XIZppZx- �a( XIZppZx-

Ehftqd 79 Odqenql]mbd ne ntq YI oqnsnbnkr enq oqhu]sd ]qq]x ]bbdrr-

Ehftqd 89 Odqenql]mbd ne XIZppZx ]r ] jdx,u]ktd rsnqd-

@r chrbtrrdc hm Rdbshnm 2-1+ XIZppZx b_m _krn ad trdc sn hlokd,
ldms _ jdx,u_ktd rsnqd+ vgdqd jdxr s_jd sgd ok_bd ne _ccqdrrdr- Sgd
bnlokdwhsx ne XIZppZx cdodmcr l_hmkx nm M �S + sgd mtladq ne
hsdlr rsnqdc+ vghkd dwo_mchmf sgd jdx rhyd cndr mns rhfmhb_mskx
_dbs sgd nudq_kk odqenql_mbd- Vd _krn dwoknqd sgd odqenql_mbd hm
sghr b_rd- Hm Ehftqd 8+ vd rgnv sgd odqenql_mbd vgdm sgd jdx rhyd
q_mfdr eqnl 10 ahsr sn 2/ ahsr vghkd sgd mtladq ne hsdlr rsnqdc hr
wdc sn nmd lhkkhnm-

Bnlo]qhrnm sn AtaakdP:L ]mc AtaakdB]bgd- Hm Ehftqd 0/+
vd bnlo_qd sgd bnlltmhb_shnm bnlokdwhsx ne XIZppZx vhsg sg_s
ne AtaakdQ@L _mc AtaakdB_bgd Z05+ 07[+ vghbg ansg ndq rhlhk_q
etmbshnm_khsx- &Mnsd+ gnvdudq+ sg_s AtaakdB_bgd _kknvr enq hmots,
cdodmcdms b_bgd lhrrdr+ _mc sgd qdonqsdc odqenql_mbd ne Ataakd,
B_bgd bnmrhcdqr _ b_bgd lhrr q_sd _r ghfg _r 0/$-( Vd _krn hmbktcd
sgd bnlltmhb_shnm bnrs ne khmd_q rb_m _r _ a_rdkhmd- XIZppZx mns
nmkx trdr sgd kd_rs bnlltmhb_shnm ne _mx ne sgdrd oqnsnbnkr+ ats
_krn rb_kdr adrs vhsg hmbqd_rhmf M - @r M q_mfdr eqnl 11/ sn 12/+ sgd
odq,_bbdrr bnlltmhb_shnm ne AtaakdQ_l &qdro-+ AtaakdB_bgd( fndr
eqnl 1/14 &qdro-+ 1/1( axsdr sn 3445 &qdro-+ 2/2( axsdr: enq XIZppZx+
sgd bnlltmhb_shnm fndr eqnl 22 sn 24 axsdr+ _m hloqnudldms ne
51ü02/· &qdro-+ 5ü7·(-
Lhbqnadmbgl]qjr- Vd admbgl_qj sgd odqenql_mbd ne sgd l_hm
bnlonmdmsr ne ntq oqnsnbnkr enq _ ldlnqx _bbdrr hm S_akd 1+ enq
mdsvnqj a_mcvhcsgr ne 14+ 4/+ _mc 0// Laor- Enq PM,XIZppZx+
vd rds M + 104- Enq XIZppZx+ vd rds M + 104.S + 114- ’@bbdrr“

Ehftqd 0/9 Bnlltmhb]shnm nudqgd]c ne P:L,a]rdc YI oqn,
snbnkr- Mtladqr enq oqhnq vnqj ]qd s]jdm eqnl Z07[- Mnsd
sg]s sgd µ ]whr hr nm ] knf rb]kd-

PM,XIZppZx XIZppZx

A_mcvhcsg &Laor( 14 4/ 0// 14 4/ 0//

@bbdrr 1-0 0-3 0-1 1-1 0-5 0-5

Bgdbj bnmrhrsdmbx 8-4 5-5 4-7 01-7 8-1 7-5

Bgdbj rds dpt_khsx 4-4 2-6 2-/ 4-0 2-3 1-7

Sns_k 06-7 01-3 0/-7 10-6 04-6 03-3
S]akd 19 Lhbqnadmbgl]qjr enq PM,XIZppZx ]mc XIZppZx vhsg
u]qxhmf a]mcvhcsg- Shldr _qd hm lhbqnrdbnmcr-

qdedqr sn sgd rsdovgdqdL _tsgdmshb_sdr u_ktdr- ’Bgdbj bnmrhrsdmbx“
qdedqr sn sgd rsdo vgdqd L udqhdr _m _ci_bdms stokd hm sgd khrs F ′-
’Bgdbj rds dpt_khsx“ qdedqr sn udqhexhmf dpt_khsx ne F _mc F ′+ _mc
hr _lnqshydc nudq sgd rhyd ne sgdrd khrsr-
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4-1 YI Oqnner enq Ntq BOT
Gdqd vd admbgl_qj sgd odqenql_mbd ne ntq YJ oqnsnbnk vgdm
_ookhdc sn ntq BOT- Tmkdrr rodbhdc nsgdqvhrd+ sgd mdsvnqj a_mc,
vhcsg hr 0// Laor-

BOT Odqenql]mbd- Vd hlokdldmsdc ntq BOT _mc du_kt_sdc hs
vhsg u_qxhmf bnmftq_shnmr ne sgd oqnfq_l rhyd _mc ldlnqx b_o_b,
hsx- Qdrtksr enq odq,bxbkd dwdbtshnm shld _qd rgnvm hm Ehftqd 00- Sgd
dwdbtshnm shld hmbqd_rdr udqx rknvkx _r sgd oqnfq_l rhyd fqnvr+
_mc g_qckx hmbqd_rdr _s _kk _r _ etmbshnm ne sgd ldlnqx b_o_bhsx-
@r vhsg dwdbtshnm shld+ bnlltmhb_shnm odq bxbkd hmbqd_rdr nmkx
rkhfgskx _r sgd oqnfq_l rhyd fqnvr- Vhsg _ l_hm ldlnqx ne rhyd 113+
d_bg bxbkd qdpthqdr bnlltmhb_shnm ne qntfgkx 21/ axsdr- Sghr hr
lnqd sg_m _ 01�4· hloqnudldms bnlo_qdc sn AtaakdB_bgd+ vghbg
bnlltmhb_sdr _ants 3/// axsdr dudm vhsg _ ldlnqx ne rhyd 106-

knf&oqnfq_l rhyd( Cdk_x

0 1 3 7

0/ 200 115 072 050

05 204 12/ 076 055

1/ 227 142 10/ 078

S]akd 29 D–dbs ne cdk]x nm bnlltmhb]shnm- Mtladqr qddbs
axsdr ne bnlltmhb]shnm odq BOT bxbkd- :kk dwodqhldmsr
trdc l]hm ldlnqx ne rhyd 113-

Vd _krn dwodqhldmsdc vhsg chdqdms rdsshmfr enq sgd BOT hmrsqtb,
shnm cdk_x k- Qdb_kk sghr ld_mr vd nmkx dwdbtsd bdqs_hm dwodmrhud
hmrsqtbshnmr dudqx ksg bxbkd &rdd Rdbshnm 3-1(- Qdrtksr _qd hm S_akd 2-
Vd rdd sg_s hmbqd_rhmf sgd cdk_x rtars_msh_kkx qdctbdr sgd _udq_fd
odq,bxbkd dwdbtshnm shld+ sgntfg ne bntqrd sgd nudq_kk hlo_bs ne sgd
cdk_x vhkk cdodmc nm sgd oqnfq_l adhmf dwdbtsdc _mc+ hm o_qshbtk_q+
gnv nesdm sg_s oqnfq_l qdkhdr nm dwodmrhud hmrsqtbshnmr-

Lhbqnadmbgl]qjr-Vgdm dwdbtshmf ntq BOT+vd trd PM,XIZppZx
sn _bbdrr sgd oqnfq_l ldlnqx+ _mc trd XIZppZx sn _bbdrr sgd qdf,
hrsdqr _mc sgd l_hm ldlnqx- Vd qdonqs sgd u_qhntr _bbdrr shldr+
tmcdq mdsvnqj a_mcvhcsgr q_mfhmf eqnl 14 sn 4// Laor+ hm S_akd 3-
Vd nardqud sg_s bnlots_shnm adbnldr sgd ansskdmdbj nmbd sgd
a_mcvhcsg hr 0// Laor &rhmbd sgd odqenql_mbd cndr mns hloqnud _r
sgd a_mcvhcsg hmbqd_rdr etqsgdq(- Hm _kk b_rdr vd trd _ 21,ahs vnqc
rhyd- Vd trd XIZppZx vhsgS + 103 sn dltk_sd _bbdrr sn sgd qdfhrsdqr-
&Sghr ld_mr sg_s 103 _bbdrrdr sn sgd qdfhrsdqr _qd rtoonqsdc: nmbd
sgd toodq antmc hr qd_bgdc+ vd ltrs qdeqdrg sgd rsqtbstqd(- Enq sgd
l_hm ldlnqx+ vd rds M + 11/ ahsr _mc S + 114-

4-2 Btrsnlhydc P:L,a]rdc Oqnsnbnkr
Vghkd ntq BOT b_m ad trdc enq fdmdq_k,otqonrd Q@L bnlots_shnm+
hm rnld b_rdr adssdq dbhdmbx hr onrrhakd trhmf _ btrsnlhydc oqnsn,
bnk- Vd dwoknqd svn rtbg dw_lokdr gdqd- @kk dwodqhldmsr cdrbqhadc
hm sghr rdbshnm vdqd qtm nudq _ 0// Laor mdsvnqj-

YI oqnne ne qdftk]q dwoqdrrhnm l]sbghmf- Hm sghr _ookhb_shnm
vd _rrtld sgd oqnudq g_r fdmdq_sdc _ bnllhsldms anl sn _ rsqhmf
r ∈ Σk + _mc v_msr sn oqnud sn sgd udqhdq sg_s r l_sbgdr _ otakhb

Ldlnqx Hmcdw A_mcvhcsg
rhyd &ahsr( 14 Laor 4/ Laor 0// Laor 4// Laor

Oqnfq_l 04 05-41 00-72 0/-/4 0/-/3

Qdfhrsdq 4 04-04 8-32 7-15 7-13

L_hm 1/ 10-50 03-77 02-27 02-25

S]akd 39 Ldlnqx,]bbdrr shld enq ch–dqdms ldlnqx bnlon,
mdmsr- Sgd mtladqr qdoqdrdms sgd ]udq]fd ]bbdrr shld) hm lh,
bqnrdbnmcr-

qdftk_q dwoqdrrhnm P- Sg_s hr+ sgd oqnudq v_msr sn oqnud jmnvkdcfd
ne r + cdanl rtbg sg_s

Modm(anl. r. cdanl( + 0 V PdfdvKZsag(r.P( + 5aados�

Sn cn sghr+ vd qrs bnmudqs sgd qdftk_q dwoqdrrhnm sn _ CE@ vhsg R
rs_sdr+ _mc sgdm qdoqdrdms sgd sq_mrhshnmr ne sgd CE@ trhmf _ l_sqhw
ne rhyd |Σ| · R + vghbg vd _ssdm sn _m _qq_x L - Rdd Ehftqd 01-

S_jhmf Σ + {/. � � � . |Σ|{ _mc _rrtlhmfP jmnvr k+ ntq oqnsnbnk
sgdm oqnbddcr _r enkknvr9
&0( Sgd o_qshdr hmhsh_khyd FPM,XIZppZx sn bnms_hm L -
&1( L fdmdq_sdr {)rh [{h ∈)k[ _mc )cdanl[ _mc oqnudr sg_sModm(anl. )r/[.

� � � . )rk�0[. )cdanl[( + 0
&2( Sgd o_qshdr rds btp 9+ / _mc fdmdq_sd )btp [- Sgdm enq h ∈ )k[

sgdx cn9
&_( Bnlotsd )ℓ[ 9+ )btp [ · |Σ| � )rh [-
&a( Trd FPM,XIZppZx sn qd_c L, _mc rds )btp [ 9+ )L,[-

&3( Oqnud sg_s )btp [ + |R | � 0-
Sgd bnrs ne sgd oqnsnbnk hr cnlhm_sdc ax k qd_c,nmkx ldlnqx _b,
bdrrdr- Vd hlokdldms sghr oqnsnbnk trhmf RG@,145 enq sgd bnllhs,
ldms- Vhsg k + 017+ |Σ| + 3+ _mc R + 1/+ sgd sns_k shld sn dwdbtsd
sgd oqnsnbnk v_r 1-6 lr+ _mc hmbqd_rhmf R sn 1+/// nmkx hmbqd_rdc
sgd qtmmhmf shld sn 2-0 lr- Hm ansg b_rdr+ sgd shld sn udqhex sgd
bnllhsldms v_r sgd r_ld &0-5 lr(+ _mc nmkx sgd shld qdpthqdc sn
qtm sgd CE@ bg_mfdc-

Oqnuhmf sgd oqdhl]fd ne ] ldlnqx,g]qc g]rg etmbshnm- Hm
ntq rdbnmc _ookhb_shnm+ vd g_ud L oqnud jmnvkdcfd ne _ oqdhl,
_fd ne rapxos+ _ ldlnqx,g_qc g_rg etmbshnm sg_s v_r cdrhfmdc
rodbhb_kkx rn sg_s hsr du_kt_shnm qdpthqdr l_mx q_mcnl _bbdrrdr
sn ldlnqx- Sgd bnqd ne rapxos hr QNLhw+ vghbg hmunkudr N(M (
du_kt_shnmr ne sgd 7,qntmc RZkrZ0. g_rg etmbshnm &vgdqd M hr _
g_qcmdrr o_q_ldsdq( _mc _ rds ne qd_c,nmkx _bbdrrdr nm u_ktdr sg_s
_qd bnlotsdc trhmf RZkrZ0.- Gdqd vd enbtr nm sgd odqenql_mbd ne
bnlotshmf YJ oqnner enq QNLhw: rdd S_akd 4- Vd trd sgd cde_tks
o_q_ldsdqr &p + 7.o + 0( _mc kds sgd g_qcmdrr M &vghbg dpt_kr
sgd kdmfsg ne sgd ldlnqx _qq_x( q_mfd eqnl 3 sn 0/- QNLhw trdr _
0/13,ahs vnqc rhyd- Rhmbd ntq btqqdms hlokdldms_shnm nmkx rtoonqsr
_ l_whltl vnqc rhyd ne 53 ahsr+ vd qdok_bd _ rhmfkd ldlnqx _bbdrr
trhmf _ 0/13,ahs vnqc rhyd vhsg 05 ldlnqx _bbdrrdr trhmf _ 53,ahs
vnqc rhyd- Ax m_shudkx rtoonqshmf _ k_qfdq vnqc rhyd hs rgntkc ad
onrrhakd sn etqsgdq hloqnud odqenql_mbd-

:BIMNVKDCFDLDMSR
Sghr l_sdqh_k hr a_rdc tonm vnqj rtoonqsdc hm o_qs ax C@QO@
tmcdq Bnmsq_bs Mnr- GQ//001/B//76 _mc GQ//001/1//14- Sgd

Session 1C: Zero Knowledge I CCS ’21, November 15–19, 2021, Virtual Event, Republic of Korea

188



�]( Oqnfq]l rhyd 10/ �a( Oqnfq]l rhyd 11/

Ehftqd 009 YI oqnner enq dwdbtshnm ne ntq BOT- Sgd mtladqr qdonqsdc ]qd sgd dwdbtshnm shld odq BOT bxbkd) ]udq]fdc nudq 11/
bxbkdr) vhsg mn cdk]x-

�]( CE: enq sgd qdftk]q dwoqdrrhnm
X�Xazaa()X-

Rs_sd _ a
/ 0 /
0 2 1
1 / 0
2 / 0

�a( L]sqhw bnqqdronmchmf
sn sgd CE:-

Ehftqd 019 Pdoqdrdmshmf ] CE: ]r ]m ]qq]x- Hm sghr dw]lokd)
sgd m]k ]qq]x qdoqdrdmshmf sgd CE: hrL + {0. /. 2. 1. /. 0. /. 0{-

M 3 05 53 145 0/13

Oqnud RZkrZ0. &r( /-/6 /-18 0-06 3-58 07-68
YJ _qq_x _bbdrr &r( /�/0 /�/25 /�03 /�46 1�23

Sns_k &r( /-/7 /-215 0-20 4-15 10-02
S]akd 49 YI oqnner ne rapxos-

uhdvr+ nohmhnmr+ _mc.nq mchmfr dwoqdrrdc _qd sgnrd ne sgd _tsgnq&r(
_mc rgntkc mns ad hmsdqoqdsdc _r qdoqdrdmshmf sgd nbh_k uhdvr nq
onkhbhdr ne sgd Cdo_qsldms ne Cdedmrd nq sgd T-R- Fnudqmldms-Vnqj
ne Inm_sg_m J_sy v_r _krn rtoonqsdc ax MRE _v_qc �0452611- Vnqj
ne Q_e_hk Nrsqnurjx v_r _krn rtoonqsdc ax MRE _v_qc �1//0/85+
TR,Hrq_dk ARE fq_ms 1/04671+ _ Fnnfkd E_btksx @v_qc+ _ IO Lnqf_m
E_btksx @v_qc+ _m HAL E_btksx Qdrd_qbg @v_qc+ _ Wdqnw E_btksx
Qdrd_qbg @v_qc+ _m NJ@V@ Entmc_shnm Qdrd_qbg @v_qc+ _ A- Ingm
F_qqhbj Entmc_shnm @v_qc+ _ Sdq_c_s_ Qdrd_qbg @v_qc+ _ Knbjgddc,
L_qshm Qdrd_qbg @v_qc+ _mc sgd Rtmc_x Fqnto-Vnqj ne Wh_nV_mf
v_r _krn rtoonqsdc ax MRE _v_qc �1/0513/+ _mc qdrd_qbg _v_qcr
eqnl E_bdannj _mc Ok_sNM Mdsvnqj- Chrsqhatshnm Rs_sdldms ’@“
&@ooqnudc enq Otakhb Qdkd_rd+ Chrsqhatshnm Tmkhlhsdc(-

PDEDPDMBDR
Z0[ Rbnss @ldr+ B_qlhs G_y_x+ Xtu_k Hrg_h+ _mc Ltsgtq_l_jqhrgm_m Udmjhs_rta,

q_l_mh_l- 1/06- Khfdqn9 Khfgsvdhfgs Rtakhmd_q @qftldmsr Vhsgnts _ Sqtrsdc
Rdsto- Hm 9AL Anme- nm Anlotsdq Xmc AnlltmhbXshnmr Rdbtqhsx &AAR( 1/06- @BL
Oqdrr+ 1/76ü10/3-

Z1[ B_qrsdm A_tl+ @kdw I- L_knydln+ L_qb A- Qnrdm+ _mc Odsdq Rbgnkk- 1/10-
L_b—m—Bgddrd9 Ydqn,Jmnvkdcfd Oqnner enq Annkd_m _mc @qhsgldshb Bhqbthsr
vhsg Mdrsdc Chritmbshnmr &KMAR(- Roqhmfdq+ 81ü011-

Z2[ Dkh Adm,R_rrnm+ @kdrr_mcqn Bghdr_+ C_mhdk Fdmjhm+ Dq_m Sqnldq+ _mc L_c_qr
Uhqy_- 1/02- RM@QJr enq B9 Udqhexhmf Oqnfq_l Dwdbtshnmr Rtbbhmbskx _mc hm Ydqn
Jmnvkdcfd- Hm 9cuXmbdr hm Aqxosnknfx–Aqxosn 1/02) OXqs GG &KMAR) Unk- 7/32(-
Roqhmfdq+ 8/ü0/7-

Z3[ Dkh Adm,R_rrnm+ @kdrr_mcqn Bghdr_+ Dq_m Sqnldq+ _mcL_c_qr Uhqy_- 1/03- Rtbbhmbs
Mnm,Hmsdq_bshud Ydqn Jmnvkdcfd enq _ unm Mdtl_mm @qbghsdbstqd- Hm TRDMGV
Rdbtqhsx Rxlonrhtl 1/03- TRDMHW @rrnbh_shnm+ 670ü685-

Z4[ @kdw_mcdq Q- Aknbj+ Itrshm Gnklfqdm+ @knm Qnrdm+ Qnm C- Qnsgaktl+ _mc Oq_shj
Rnmh- 1/1/- Otakhb,Bnhm Ydqn,Jmnvkdcfd @qftldmsr vhsg &_klnrs( Lhmhl_k Shld
_mc Ro_bd Nudqgd_cr- Hm 06sg Sgdnqx ne AqxosnfqXogx Anmedqdmbd–SAA 1/1/
&KMAR(- Roqhmfdq+ 057ü086-

Z5[ @kdw_mcdq Q- Aknbj+ Itrshm Gnklfqdm+ @knm Qnrdm+ Qnm C- Qnsgaktl+ _mc Oq_shj
Rnmh- 1/10- Shld, _mc Ro_bd,Dbhdms @qftldmsr eqnl Fqntor ne Tmjmnvm
Nqcdq &KMAR(- Roqhmfdq+ 012ü041-

Z6[ Inm_sg_m Annskd+ @mcqd_ Bdqtkkh+ Oxqqnr Bg_hcnr+ Idmr Fqnsg+ _mc Bgqhrsnogd
Odshs- 1/05- Dbhdms Ydqn,Jmnvkdcfd @qftldmsr enq @qhsgldshb Bhqbthsr hm sgd
Chrbqdsd Knf Rdsshmf- Hm 9cuXmbdr hm Aqxosnknfx–Dtqnbqxos 1/05) OXqs GG &KMAR)
Unk- 8555(- Roqhmfdq+ 216ü246-

Z7[ Inm_sg_m Annskd+ Bk_hqd Cdk_ok_bd+ Sgnl_r Drohs_t+ Ohdqqd,@k_hm Entptd+ _mc
Ldgch Shantbgh- 1/07- KVD Vhsgnts Lnctk_q Qdctbshnm _mc Hloqnudc Rhcd,
Bg_mmdk @ss_bjr @f_hmrs AKHRR- Hm 9cuXmbdr hm Aqxosnknfx–9rhXbqxos 1/07) OXqs G
&KMAR(- Roqhmfdq+ 383ü413-

Z8[ Admdchjs A©my+ Inm_sg_m Annskd+ C_m Anmdg+ @mcqdv Ondkrsq_+ Ohdsdq Vthkkd+ _mc
Fqdf L_wvdkk- 1/07- Atkkdsoqnner9 Rgnqs Oqnner enq Bnmcdmsh_k Sq_mr_bshnmr
_mc Lnqd- Hm GDDD Rxlo- nm Rdbtqhsx � OqhuXbx 1/07- HDDD+ 204ü223-

Z0/[ R_ltdk Chssldq+ Xtu_k Hrg_h+ _mc Q_e_hk Nrsqnurjx- 1/10- Khmd,Onhms Ydqn Jmnvk,
dcfd _mc Hsr @ookhb_shnmr- Hm 1mc Anmedqdmbd nm GmenqlXshnm,Sgdnqdshb AqxosnfqX,
ogx &GSA 1/10( &Kdhamhy GmsdqmXshnmXk Oqnbddchmfr hm GmenqlXshbr &KGOGbr((- Rbgknrr
C_frstgk ü Kdhamhy,Ydmsqtl e©q Hmenql_shj+ C_frstgk+ Fdql_mx-

Z00[ I_bj Cndqmdq+ C_uhc Du_mr+ _mc @agh Rgdk_s- 1/05- Rdbtqd Rs_akd L_sbghmf _s
Rb_kd- Hm 9AL Anme- nm Anlotsdq Xmc AnlltmhbXshnmr Rdbtqhsx &AAR( 1/05- @BL
Oqdrr+ 05/1ü0502-

Z01[ Snqd J_rodq Eqdcdqhjrdm+ Idrodq Attr Mhdkrdm+ _mc Bk_tchn Nqk_mch- 1/04- Oqhu_bx,
Eqdd F_qakdc Bhqbthsr vhsg @ookhb_shnmr sn Dbhdms Ydqn,Jmnvkdcfd- Hm9cuXmbdr
hm Aqxosnknfx–Dtqnbqxos 1/04) OXqs GG &KMAR) Unk- 8/46(- Roqhmfdq+ 080ü108-

Z02[ Qnr_qhn Fdmm_qn+ Bq_hf Fdmsqx+ Aqx_m O_qmn+ _mc L_qh_m_ Q_xjnu_- 1/02-
Pt_cq_shb Ro_m Oqnfq_lr _mc Rtbbhmbs MHYJr vhsgnts OBOr- Hm 9cuXmbdr hm
Aqxosnknfx–Dtqnbqxos 1/02 &KMAR(- Roqhmfdq+ 515ü534-

Z03[ R- Cnu Fnqcnm+ Inm_sg_m J_sy+ Uk_chlhq Jnkdrmhjnu+ Edqm_mcn Jqdkk+ S_k L_kjhm+
L_qh_m_ Q_xjnu_+ _mc Xdufdmhx U_gkhr- 1/01- Rdbtqd svn,o_qsx bnlots_shnm
hm rtakhmd_q &_lnqshydc( shld- Hm 9AL Anme- nm Anlotsdq Xmc AnlltmhbXshnmr
Rdbtqhsx &AAR( 1/01- @BL Oqdrr+ 402ü413-

Z04[ Idmr Fqnsg- 1/05- Nm sgd Rhyd ne O_hqhmf,A_rdc Mnm,hmsdq_bshud @qftldmsr-
Hm 9cuXmbdr hm Aqxosnknfx–Dtqnbqxos 1/05) OXqs GG &KMAR) Unk- 8555(- Roqhmfdq+

Session 1C: Zero Knowledge I CCS ’21, November 15–19, 2021, Virtual Event, Republic of Korea

189



2/4ü215-
Z05[ C_uhc Gd_sg _mc Uk_chlhq Jnkdrmhjnu- 1/1/- @ 1-0 JGy Ydqn,Jmnvkdcfd Oqnbdr,

rnq vhsg AtaakdQ@L- Hm 9AL Anme- nm Anlotsdq Xmc AnlltmhbXshnmr Rdbtqhsx
&AAR( 1/1/- @BL Oqdrr+ 1/44ü1/63-

Z06[ C_uhc Gd_sg _mc Uk_chlhq Jnkdrmhjnu- 1/1/- Rs_bjdc F_qakhmf enq Chritmb,
shud Ydqn,Jmnvkdcfd Oqnner- Hm 9cuXmbdr hm Aqxosnknfx–Dtqnbqxos 1/1/) OXqs GGG
&KMAR) Unk- 010/6(- Roqhmfdq+ 458ü487-

Z07[ C_uhc Gd_sg+ Xhahm X_mf+ C_uhc Cdudbrdqx+ Uk_chlhq Jnkdrmhjnu+ _mc L_qbn
Ft_qmhdqh- 1/10- Ydqn Jmnvkdcfd enq Dudqxsghmf _mc Dudqxnmd9 E_rs YJ Oqnbdrrnq
vhsg B_bgdc NQ@L enq @MRH B Oqnfq_lr- Hm GDDD Rxlo- nm Rdbtqhsx � OqhuXbx-
HDDD-

Z08[ Yg_mfwh_mf Gt+ O_xl_m Lng_rrdk+ _mc Lhjd Qnrtkdj- 1/04- Dbhdms Ydqn,
Jmnvkdcfd Oqnner ne Mnm,_kfdaq_hb Rs_sdldmsr vhsg Rtakhmd_q @lnqshydc Bnrs-
Hm 9cuXmbdr hm Aqxosnknfx–Aqxosn 1/04) OXqs GG &KMAR) Unk- 8105(- Roqhmfdq+ 04/ü
058-

Z1/[ L_qdj I_vtqdj+ Eknqh_m Jdqrbga_tl+ _mc Bk_tchn Nqk_mch- 1/02- Ydqn,jmnvkdcfd
trhmf f_qakdc bhqbthsr9 gnv sn oqnud mnm,_kfdaq_hb rs_sdldmsr dbhdmskx- Hm 9AL
Anme- nm Anlotsdq Xmc AnlltmhbXshnmr Rdbtqhsx &AAR( 1/02- @BL Oqdrr+ 844ü855-

Z10[ Inm_sg_m J_sy+ Uk_chlhq Jnkdrmhjnu+ _mc Wh_n V_mf- 1/07- Hloqnudc Mnm,
Hmsdq_bshud Ydqn Jmnvkdcfd vhsg @ookhb_shnmr sn Onrs,Pt_mstl Rhfm_stqdr- Hm
9AL Anme- nm Anlotsdq Xmc AnlltmhbXshnmr Rdbtqhsx &AAR( 1/07- @BL Oqdrr+
414ü426-

Z11[ O_xl_m Lng_rrdk+ Lhjd Qnrtkdj+ _mc @kdrr_mcq_ Rb_etqn- 1/06- Rtakhmd_q
Ydqn,Jmnvkdcfd @qftldmsr enq Q@L Oqnfq_lr- Hm 9cuXmbdr hm Aqxosnknfx–
Dtqnbqxos 1/06) OXqs G &KMAR) Unk- 0/10/(- Roqhmfdq+ 4/0ü420-

Z12[ Rqhm_sg Rdssx- 1/1/- Ro_qs_m9 Dbhdms _mc Fdmdq_k,Otqonrd yjRM@QJr Vhsgnts
Sqtrsdc Rdsto- Hm 9cuXmbdr hm Aqxosnknfx–Aqxosn 1/1/) OXqs GGG &KMAR(- Roqhmfdq+
6/3ü626-

Z13[ Qh_c R- V_gax+ Rqhm_sg S- U- Rdssx+ Ytnbgdmf Qdm+ @mcqdv I- Aktladqf+ _mc
Lhbg_dk V_krg- 1/04- Dbhdms Q@L _mc bnmsqnk nv hm udqh_akd ntsrntqbdc
bnlots_shnm- HmMdsvnqj Xmc Chrsqhatsdc Rxrsdl Rdbtqhsx Rxlonrhtl- Sgd Hmsdqmds
Rnbhdsx-

Z14[ Wh_n V_mf+ @kdw I- L_knydln+ _mc Inm_sg_m J_sy- 1/05- DLO,snnkjhs9 Dbhdms
LtkshO_qsx bnlots_shnm snnkjhs- gssor9..fhsgta-bnl.dlo,snnkjhs-

Z15[ Wh_n Rg_tm V_mf+ R- Cnu Fnqcnm+ @kkdm LbHmsnrg+ _mc Inm_sg_m J_sy- 1/05-
Rdbtqd Bnlots_shnm ne LHOR L_bghmd Bncd- Hm DRNPGAR 1/05 &KMAR(- Roqhmfdq+
88ü006-

Z16[ Bgdmj_h Vdmf+ J_mf X_mf+ Inm_sg_m J_sy+ _mc Wh_n V_mf- 1/10- Vnkudqhmd9 E_rs+
Rb_k_akd+ _mc Bnlltmhb_shnm,Dbhdms Ydqn,Jmnvkdcfd Oqnner enq Annkd_m _mc
@qhsgldshb Bhqbthsr- Hm GDDD Rxlo- nm Rdbtqhsx � OqhuXbx 1/10- HDDD-

Z17[ Sh_mbgdmf Whd+ Ih_gdmf Yg_mf+ Xtodmf Yg_mf+ Bg_q_k_lonr O_o_l_msgnt+ _mc
C_vm Rnmf- 1/08- Khaq_9 Rtbbhmbs Ydqn,Jmnvkdcfd Oqnner vhsg Noshl_k Oqnudq
Bnlots_shnm- Hm 9cuXmbdr hm Aqxosnknfx–Aqxosn 1/08) OXqs GGG &KMAR) Unk- 00583(-
Roqhmfdq+ 622ü653-

Z18[ J_mf X_mf+ Oq_shj R_qj_q+ Bgdmj_h Vdmf+ _mc Wh_n V_mf- 1/10- PthbjRhkudq9 De,
bhdms _mc @nqc_akd Ydqn,Jmnvkdcfd Oqnner enq Bhqbthsr _mc Onkxmnlh_kr nudq
@mx Ehdkc- Hm 9AL Anme- nm Anlotsdq Xmc AnlltmhbXshnmr Rdbtqhsx &AAR( 1/10-
@BL Oqdrr-

: RHLTK:SHNM NE LHOR,H HMRSPTBSHNMR
Adknv vd oqnuhcd dwok_m_shnmr ne gnv sgd LHOR hmrsqtbshnmr khrsdc
hm S_akd 5 b_m ad rhltk_sdc trhmf ntq BOT- &Vgdm rhltk_shnm hr
rsq_hfgsenqv_qc vd _qd aqhde+ ats enq rnld ne sgd lnqd bnlokdw
b_rdr vd oqnuhcd cds_hkr ne sgd rhltk_shnm-(
• @qhsgldshb _mc knfhb_k Hmrsqtbshnmr9 Lnrs ne sgdrd _qd sqhuh_kkx

rtoonqsdc ax ntq _qhsgldshb _mc knfhb_k nodq_shnmr- Nmd mns_akd
dwbdoshnm hr chu- Gnvdudq+ L b_m fhud _ YJ oqnne sg_s b + X]a ax
oqnuhmf sg_s b · a + X trhmf sgd LTK bnll_mc- LHOR nodq_shnmr
sg_s _bs nm hlldch_sd u_ktdr b_m ad rhltk_sdc ax svn ne ntq
hmrsqtbshnmr ax qrs odqenqlhmf _ OTS _mc sgdm odqenqlhmf sgd
cdrhqdc _qhsgldshb nq knfhb_k nodq_shnm- Ne mnsd+ sgd LHOR ltjs
bnll_mc kkr svn qdfhrsdqr sn _kknv enq sgd bnlots_shnm ne 53,
ahs oqnctbsr- Ntq BOT cndr mns rtoonqs sghr nodq_shnm chqdbskx+
sgntfg hs b_m ad rhltk_sdc ax aqd_jhmf cnvm sgd ltkshokhb_mcr
_mc odqenqlhmf ltkshokd LTK nodq_shnmr- Knfhb_k rghes nodq_shnmr
_qd rkhfgskx lnqd bnlokdw9 qrs vd trd BRD sn qns_sd sgd ahsr ne
sgd qdfhrsdq+ enkknvdc ax LRJ _mc MKF sn odqenql ahsvhrd @MC hm
nqcdq sn ydqn nts sgd _ooqnoqh_sd ahsr- @qhsgldshb rghes nodq_shnmr
_cc _m _cchshnm_k k_xdq ne bnlokdwhsx+ rhmbd vd ltrs cdsdqlhmd

vgdsgdq sgd nqhfhm_k u_ktd hr onrhshud nq mdf_shud hm nqcdq sn
oqdrdqud sgd rhfm- Rtoonrd vd _qd fhudm qdfhrsdqr #_ _mc #m
bnms_hmhmf u_ktdr X _mc k+ vgdqd X hr sgd u_ktd sn ad rghesdc _mc
k hr sgd rghes _lntms- Rhltk_shnm ne rqXu b_m sgdm ad odqenqldc
_r enkknvr9
&0( Trd OTS sn ots sgd u_ktd 0 hm _ qdfhrsdq:
&1( Trd OTS sn ots sgd u_ktd / hm _ qdfhrsdq:
&2( Trd LRJ sn ots sgd rsqhmf 0| |/20 hm qdfhrsdq #w &trhmf sgd

qdfhrsdq oqduhntrkx rds sn 0(:
&3( Trd LRJ sn ots sgd rsqhmf 0k | |/21�k hm qdfhrsdq #x &trhmf sgd

fhudm qdfhrsdq bnms_hmhmf k(:
&4( Trd LRJ sn ots sgd rsqhmf /k | |021�k hm qdfhrsdq #o &trhmf sgd

fhudm qdfhrsdq bnms_hmhmf k(:
&5( Trd LRJ sn ots sgd rsqhmf /21 hm qdfhrsdq #y &trhmf sgd qdfhrsdq

oqduhntrkx rds sn /(:
&6( Trd MKF sn odqenql _ ahsvhrd @MC nm qdfhrsdqr #_ _mc #w+

r_uhmf sgd qdrtks hm qdfhrsdq #v:
&7( Trd BLU sn odqenql sgd nodq_shnm #y ← #x he #v � /+ dkrd cn

mnsghmf:
&8( Trd BRD sn qns_sd X ax k ahsr+ r_uhmf sgd qdrtks hm qdfhrsdq #q:

&0/( Trd MKF sn odqenql _ ahsvhrd @MC nm qdfhrsdqr #q _mc #o+
r_uhmf sgd qdrtks hm qdfhrsdq #q:

&00( Trd MKF sn bnlotsd #y NQ #q _r sgd m_k qdrtks-
Sgd qrs rhw rsdor hmhsh_khyd mdbdrr_qx qdfhrsdqr- Rsdo 6 bgdbjr
vgdsgdq X hr mdf_shud+ _mc rsdo 7 bnmchshnm_kkx lnudr sgd rsqhmf
0k | |/21�k hmsn _ qdfhrsdq he X hr mdf_shud- Rsdo 8 qns_sdr X ax sgd
_ooqnoqh_sd mtladq ne ahsr+ _mc rsdo 0/ ydqnr nts sgd ahsr sg_s
vdqd rghesdc hm nm sgd qhfgs- Ehm_kkx+ rsdo 00 kkr sgd ydqndc ahsr
vhsg 0r he X v_r mdf_shud+ _mc kd_udr sgdl _r /r nsgdqvhrd- Sgd
rqX hmrsqtbshnm b_m rhlhk_qkx ad rhltk_sdc trhmf nmd _cchshnm_k
OTS hmrsqtbshnm-

• Bnmrs_ms,l_mhotk_shmf hmrsqtbshnmr9 Sgd LHOR jgh hmrsqtbshnm
kn_cr _m hlldch_sd u_ktd hmsn sgd toodq g_ke ne _ qdfhrsdq- Fhudm _
qdfhrsdq u_ktdX _mc _m hlldch_sd u_ktd hll+ jgh b_m ad rhltk_sdc
_r enkknvr9
&0( Trd OTS sn kn_c hll hmsn _ qdfhrsdq:
&1( Trd OTS sn kn_c sgd u_ktd 05 hmsn _ qdfhrsdq:
&2( Trd LRJ sn kn_c sgd rsqhmf /05 | |005 hmsn _ qdfhrsdq &trhmf sgd

qdfhrsdq oqduhntrkx rds sn 05(:
&3( Trd MKF sn bnlotsd sgd ahsvhrd @MC ne sgd oqduhntr svn

u_ktdr _mc kn_c sgd qrs 05 ahsr ne hll hmsn _ qdfhrsdq:
&4( Trd BRD sn qns_sd sgnrd ahsr ne hll ax 05:
&5( Trd MKF sn bnlotsd sgd ahsvhrd @MC ne X _mc /05 | |005 _mc

kn_c sgd qrs 05 ahsr ne X hmsn _ qdfhrsdq:
&6( Trd WNP sn bnlahmd sgd ahsr ne hll vhsg sgd ahsr ne X-
Rhltk_shmf jjn enkknvr rhlhk_qkx-

• Bnlo_qhrnm hmrsqtbshnmr9 Enq svn hmsdfdqr X.a+ sgd oqnudq b_m
rgnv sg_s X • a gnkcr _r enkknvr9
&0( Trd RTA sn bnlotsd a � X _mc rsnqd sgd qdrtks hm qdfhrsdq #w:
&1( Trd OTS sn ots sgd u_ktd 0 hm _ qdfhrsdq:
&2( Trd LRJ sn fds sgd rsqhmf 0| |/20 _mc rsnqd hs hm qdfhrsdq #x

&trhmf sgd qdfhrsdq oqduhntrkx rds sn 0(:
&3( Trd MKF sn s_jd sgd ahsvhrd @MC ne #w _mc #x-
He sgd qdrtkshmf rsqhmf hr /21 sgdm a �X ≥ /+ _mc sgtr X • a- He hs hr
hmrsd_c 0| |/20+ sgdm X < a- Sgd BRD bnll_mc b_m _cchshnm_kkx ad
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LHOR hmrsqtbshnm Rdl]mshbr BOT bxbkdr sn rhltk]sd
Xcc #c+ #r+ #s #c ; #r * #s 0
Xcch #s+ #r+ h #s ; #r * h 1
Xmc #c+ #r+ #s #c ; #r % #s 0
Xmch #s+ #r+ h #s ; #r % h 1
chu #r+ #s jn ; #r . #s: gh ; #r $ #s 0
ltjs #r+ #s gh1jn ; #r ) #s 0
mnq #c+ #r+ #s #c ; ∼&#r | #s( 0
nq #c+ #r+ #s #c ; #r | #s 0
nqh #s+ #r+ h #s ; #r | h 1
rjj #c+ #s+ _ #c ; #s ≪ _ &knfhb_k( 3
rjju #c+ #s+ #r #c ; #s ≪ #r &knfhb_k( 2
rqX #c+ #s+ _ #c ; #s ≫ _ &_qhsgldshb( 00
rqXu #c+ #s+ #r #c ; #s ≫ #r &_qhsgldshb( 01
rqj #c+ #s+ _ #c ; #s ≫ _ &knfhb_k( 3
rqju #c+ #s+ #r #c ; #s ≫ #r &knfhb_k( 2
rta #c+ #r+ #s #c ; #r , #s 0
wnq #c+ #r+ #s #c ; #r ⊕ #s 0
wnqh #c+ #r+ h #c ; #r ⊕ h 1

jgh #s+ h GG&#s( ; h 6
jjn #s+ h KG&#s( ; h 6

rjs #c+ #r+ #s #c ; &#r , #s( 4
rjsh #s+ #r+ h #s ; &#r , h( 5

ado #r+ #s+ k_adk he &#r ++ #s( ob *; h 3
afsx #r+ k_adk he &#r < /( ob *; h 5
ajdx #r+ k_adk he &#r • /( ob *; h 5
amd #r+ #s+ k_adk he &#r ++ #s( ob *; h 3

i k_adk ob *; h 1
iXj k_adk #20 ; ob: ob *; h 2
iXjq #r #20 ; ob: ob ; #r 1
iq #r ob ; #r 0

jv #s+ h&#r( #s ; LDL Z#r * h[ 0
rv #s+ h&#r( LDL Z#r * h[ ; #s 0
legh #c #c ; gh 0
lejn #c #c ; kn 0
lsgh #r gh ; #r 0
lsjn #r kn ; #r 0

S]akd 59 Rhltk]shnm ne LHOR hmrsqtbshnmr ax ntq BOT- Gdqd vd khrs rtoonqsdc LHOR nodq]shnmr ]mc sgd mtladq ne bxbkdr hm
vghbg ntq BOT b]m rhltk]sd sgdl- Tmrhfmdc LHOR nodq]shnmr ]qd nlhssdc) rhmbd ntq BOT ]kv]xr trdr rhfmdc nodq]shnmr-
Rhmbd ntq BOT hmrsqtbshnm rds hr vnqc,a]rdc) vghkd LHOR hr axsd,a]rdc) rnld LHOR axsd,l]mhotk]shnm hmrsqtbshnmr ]qd nlhs,
sdc nq lnchdc enq bk]qhsx- Vd mnsd sg]s vghkd ntq GLO hmrsqtbshnm cndr mns chqdbskx rtoonqs k]adkr) hs odqenqlr etmbshnm]kkx
dpthu]kdms adg]uhnq ax itlohmf sn sgd hmcdw ne ] o]qshbtk]q hmrsqtbshnm hm sgd oqnfq]l- :kknvhmf enq sgdrd nlhrrhnmr ]mc
lnchb]shnmr) ntq BOT hr ]akd sn rhltk]sd sgd dmshqd LHOR hmrsqtbshnm rds nsgdq sg]m Dwbdoshnm ]mc Hmsdqqtos hmrsqtbshnmr-
Rdd sdws enq cds]hkr-

trdc sn qns_sd sgd 20ps ahs sn sgd /se onrhshnm+ enq _ m_k qdrtks ne
0 he X < a _mc / nsgdqvhrd-

• Aq_mbg hmrsqtbshnmr9 Sgd LHOR ado _mc amd hmrsqtbshnmr _qd
rsq_hfgsenqv_qckx rhltk_sdc trhmf _ OTS enkknvdc ax GLO- Sgd
afsx _mc ajdx hmrsqtbshnmr b_m ad rhltk_sdc ax qrs trhmf LRJ
_mc MKF sn hrnk_sd sgd lnrs rhfmhb_ms ahs &_r rgnvm _anud hm
sgd rhltk_shnm ne bnlo_qhrnm hmrsqtbshnmr( _mc sgdm trhmf OTS
enkknvdc ax GLO-

• Itlo hmrsqtbshnmr9 Sgd i hmrsqtbshnm hr _krn rsq_hfgsenqv_qckx
rhltk_sdc trhmf OTS _mc sgdm GLO- Sgd iq hmrsqtbshnm hr dw_bskx

qdokhb_sdc ax GLO vhsg sgd bnqqdbs o_q_ldsdqr hm hll- Etqsgdq+
iXjq hr rhltk_sdc ax OB enkknvdc ax GLO+ _mc rhlhk_qkx iXj hr
rhltk_sdc ax qrs odqenqlhmf _ OTS _mc sgdm cnhmf sgd r_ld-

• Kn_c _mc rsnqd hmrsqtbshnmr9 Sgdrd b_m ad rhltk_sdc rsq_hfgsenq,
v_qckx vhsg ntq KCV _mc RSV hmrsqtbshnmr-

• C_s_,lnudldms hmrsqtbshnmr9 Sgdrd _qd rsq_hfgsenqv_qckx rhlt,
k_sdc trhmf BLU-

• Dwbdoshnm _mc hmsdqqtos hmrsqtbshnmr9Vd cn mns btqqdmskx rtoonqs
sgdrd hmrsqtbshnmr+ _mc vd dmuhrhnm sg_s sgd oqnudq vntkc dmrtqd
sg_s sgd dwdbtsdc bncd cndr mns bnms_hm sgdl-
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